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Reflection of Flexural Waves at the 
Edge of a Plate 


By T. R. KANE,*? PHILADELPHIA, PA. 


The reflection of straight-crested flexural waves at the 
edge of a semi-infinite plate is studied in terms of a two- 
dimensional plate theory. It is found that, in general, 
a flexural wave propagated toward the edge at an arbi- 
trary angle of incidence gives rise to three reflected waves: 
two flexural waves and a shear wave. A number of special 
cases, involving degenerate forms of these motions, are 
investigated in detail. 


1 INTRODUCTION 


N this paper Mindlin’s* equations of flexural motions of 

plates are used to study the reiection of a straight-crested 

wave at the edge of a semi-infinite plate. The equations 
accommodate three modes of motion: two types of flexural waves 
and a thickness-shear wave. It is found that, in general, all three 
of these motions are excited upon incidence of any one of them at 
a free edge. The shear motion, here encountered, is of particular 
interest; for this motion is absent in the classical theory of plates, 
whence the applicability of that theory is restricted to a range of 
frequencies considerably below that corresponding to the first 
mode of thickness-shear vibration. By the same token, the pres- 
ent theory does not include the higher modes of motion which are 
to be found in three-dimensional elasticity theory; thus the solu- 
tion set forth in the paper may be expected to furnish an ade- 
quate description for frequencies which do not materially exceed 
that of the first thickness-shear mode. 

The character of the reflected waves is affected by both the 
angle of incidence and the ratio of plate thickness to wave length 
of the incident wave. Appropriate values of these two parameters 
give rise to such special cases as waves whose amplitudes decrease 
exponentially with distance from the edge, vibrations, resonance, 
disappearance of some of the reflected waves, and, for grazing 
incidence, complete disappearance of the motion. 

Following a résumé of the plate equations in Section 2, straight- 
crested waves are considered in Section 3. Incident and emer- 
gent waves are described in Section 4 and, in terms of these, a 
formal solution is reached in Section 5. In Sections 6 and 7 
various cases of normal and oblique incidence are discussed in 
detail. Section 8 deals with grazing incidence. 


1 This investigation was supported by the Office of Naval Research 
under Contract Nonr-266(09) with Columbia University. 

2? Formerly, Research Associate in Civil Engineering, Columbia 
University; now Assistant Professor of Mechanical Engineering, Uni- 
versity of Pennsylvania. 

3 ‘Influence of Rotatory Inertia and Shear on Flexural Motions of 
Isotropic, Elastic Plates,’’ by R. D. Mindlin, JovrnaLt or AppLiep 
Mecnuantcs, Trans. ASME, vol. 73, 1951, pp. 31-38. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 29—December 4, 
1953, of Tae American Soctety oF MECHANICAL ENGINEERS, 

Discussion of this paper should be addressed to th» Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 11, 1954, for publication at a later date. Discussion 
received after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 23. 1953. Paper No. 53—A-42. 


2 Pate DispLaceMENTs, EquaTiONS OF MOTION AND 
STRESSES 


For a plate of thickness h, oriented as in Fig. 1, plate displace- 


2 


a 


ments ¥,(z,y,!), ¥,(z,y,t), and w(z,y,t) are given by* 


Ow, 


ow, oH : 
v= Co. om G3 a + (0; — 1) “se + | exp(ipt) 


ow, , ( OW, H (i t) 
- (o2 — — x 
= + 2 oy dz exp(tp 


v, = [to —1 





w = (w; + w2) exp(ipt) 


The functions w,(z,y), w.(z,y), and H(z,y) are governed, respec- 
tively, by equations of motion 


(V? + 5,2), = 0 | 

(V? + 5:*)w, = 0 

(V2? + w?)H =0 
In the foregoing 


(01,02) = (62%, 5,2)(Rb* — S-!)-! = (6,~2,6.~2)Sdo! 


2(5,2,6.2) = 51S + R + [(S — R)* + 46,-4]'/}.... [3] 
(1 — vw? = 2(R5,* — S-) 


DP OOP ioiesicescercstilexnshll 


Eh? 

D= — ~ 
12(1 — v?) 
p is the circular frequency associated with the wave rrotion. £, 
v, p are, respectively, Young’s Modulus, Poisson’s ratio, and the 
mass density of the plate material. 

Plate bending moments M,,M,, shears Q,,Q,, and twisting 
moment V/,, are given by 
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M, =D (2%: — 1) 


Or y 


M,=D (>¥ +» >.) 


oy Or 
ra) re) 
2M,, = Di - ») ( ¥, , We 
or oY 
ow 


Q. = Kuh (v. + 


Q, = Kuh (v, + 


u is the modulus of rigidity of the plate material. The defini- 
tion of x? is given by Mindlin.* 
3 SrRAiGHT-CRrResTED WAVES 


Taking any one of the functions w,,w., or H to be of the form 


A exp(iyxr), y > 0 


and letting the remaining two vanish identically, we find that, in 
each case, two of the equations of motion are satisfied automati- 
cally while the remaining one requires that 


62; wy #0,w. = H = 
6.27; w. +0, uw, = H 
w?; H #0, wv, 


Letting 
p? = (yc), c° 
this leads to (see Equations [3], [4], [5]) three possible types of 


relationships between phase velocity c and wave number 


~ 0, we H=0 


, Wi 


K E (T? - 4y*RS)'* /3 
| ¥ 2R 


lk & (tT? — sled 


we € 0, w; 


2R 


|Y 
K ? + y1- 
2R 


H #0. = 


“| a 


where 


r=1+ y(k + S) 
and ¢, is the velocity of shear waves in an infinite medium. A 
plot of ¢/c, versus hy (with v = '/,) for each of thesecases isshown 
in Fig. 2. It is seen that c/c, ~ 0 as hy — O for a w)-wave, 
while c/c, > © as hy — 0 for w, and H-waves. In the sequel we 
shall call w, a “slow” flexural wave, w, a “fast’’ flexural wave, and 
H ashear wave. (The fact that the preceding discussion involves 
waves propagated in the z-direction, does not result in any loss of 
generality. ) 
4 INcIDENT AND EMERGENT WavES 
Referring the semi-infinite plate to axes z, y, z as shown in Fig. 


3, we consider a slow flexural wave‘ propagated toward the edge 
of the plate 


wi = A exp(iyy), vw: = H = 
where 


y =ysina —xrcosa 


* The case of a fast incident wave is similar in nature and will not be 
discussed in the present paper. 
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Fic. 3 INcipDENT AND EMERGENT Wave NorMALS 


We postulate three emergent waves, propagated, respectively, 
toward P’, P’’, P’’’ as shown in Fig. 3. These are as follows: 
(a) A slow flexural wave 
w,’ = A’ exp(iy’W’), we’ 
(b) A fast flexural wave 
w2’’ = A’ exp(iy’’’’), 21" 
(c) A shear wave 


HH" _ A’ exp(iy’""y’’’), hd 


where 
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yi = ysina’+xrcosai,j =’, ",'" 
and the a? are the angles of emergence shown in Fig. 3. 

In accordance with Equations [9], these waves are propagated 

with velocities c? which depend on their respective wave numbers 
¥’. 
The displacements corresponding to these waves are obtained 
from Equations [1]. Denoting the incident wave by w, ¥,, and 
¥,, and calling the displacement components of the emergent 
waves w’, ¥,’, ¥' (j = ',’ 
tions of motion, Equations [2], are linear, the state of motion 
given by 


‘’), we observe that, since the equa- 


is a possible state of motion for an infinite plate. For the semi- 
infinite plate under consideration, three boundary conditions must 
be satisfied on the edge x = 0. 


5 Bovunpary CONDITIONS 

Plate stresses M,*, .,*, ete., corresponding to the motion de- 
fined by Equations [14], may be computed from Equations [7]. 

To obtain a traction-free edge, we must have, on cz = 0 
2* =Q,* =0 [15] 
In order that these equations be satisfied for all values of the 
time ¢ and all values of the space variable y, it is necessary that 
the circular frequencies p and p’ associated with the various 


waves be identical, i.e. 
16} 
and that the angles @ and @ satisfy 


y sina = y’ sina 17 

Now, the relation between c and ¥ is of the same form as that 
between c’ and y’, both being slow flexural waves. Thus it follows 
from Equations [16] and [17] that the angle of emergence a’ of 
the slow flexural wave is equal to the angle of incidence a@ of the 
incident wave, and that the wave numbers and phase velocities of 
these two waves are identical. Equations [16] and [17] show, 
furthermore, that the condition of vanishing traction at the edge 
of the plate, Equation [15], leads to a determination of the phase 
velocity, wave number, and angle of emergence of each of the 
postulated emergent waves when the angle of incidence and wave 
number (or phase velocity) of the incident wave are specified. 

The Boundary Conditions [15] also impose restrictions on the 
amplitude ratios 4//A. From Equations [10] to [13], [14], and 
[7] we get, upon substitution into Equations [15], a system of 
three nonhomogeneous linear algebraic equations governing 
these amplitude ratios 


2, oy’ . 


- 1/2 ¢,' cos [ con == ot/.*, 4 
L a? 


n= 1,2, 3.. [18] 


where 


di = MOH,j ='," 
Q:’"’ = (1 — v)y"’"* sin a’”’ 

¢? = M’ sin 2a’,j =’, "' 
2'"" = —*¥'""? cos 2a’"’ 

3? Sédo*y(y?)~! cos a’, j = 
;'"’ yy’ sina 


cos a’"’ 


with 
S64 (y’)? 


@ = cos? a’ + vy sin? a 


The analog, in the present theory, to F. Neumann’s uniqueness 
theorem® guarantees that the foregoing constitutes the unique 
solution of the problem. We may say then that a slow incident 
flexural wave produces, in general, three reflected waves: a 
slow flexural, a fast flexural, and a shear wave 

6 NorMAL INCIDENCE 

We now proceed to study the character of the reflected waves 
in terms of the angle of incidence a and the wave number ¥ of the 
incident wave. We begin by examining the case of normal inci- 
dence, i.e., a = 0. 

The wave numbers y"’ and y’”’ of the fast reflected wave and of 
the shear wave are given by (see Equations [8], [4], [5 


Ay’)? = dS + R—([(S 5, 20 


(y’’)? = 21 — v)-(Rb¢ — S~ 21) 


Both y’’ and y’”’ vanish when RS6éo* = 1, i.e., when y*RS = R 
+S. For y*RS < R +S, y" and y’” are imaginary while for 
y*RS > R + S,both are real. The physical significance of y*RS 
= 1 will be discussed when the motion corresponding to that 
value of the wave number of the incident wave has been deter- 


mined. We first consider 


YRS <R+S8 


From Equation [17] we have, for a = 0 


, 


a=Oj='""%'" 

The amplitude ratios are found from Equations [18] 
th, 
A 


ihe 


where 


a — (¥'')% Sot + Y''2)? — (Sot — y?)? 


’ (F'')*(Sbo4 + Y''2)? + y2(Sbo4 2)? 


27'"y(Sbot + F'"2)(Sbo* — ?) 
(F'')*(Sbo* + 7'2)2 + Y(Sbo* — y?)? 


27’ Sb0t + 7''2)(Sbo4 — 2) 


(¥'’)*( S80! - ig y2 4 y2(Sbo! ¥* 2 


27''y(Sbo* — y?)* 
(¥'")*(Sdot + 7'2)? + y2(Sdat - 
and y"’ iy’’, so that 7”’ is real. 


***Theory of Elasticity,’’ by A. E. H. Love, Cambridge University 
Press, London, England, fourth edition, 1927, p. 176. 
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The incident wave is given by (see Equations [1] and [10]}) 


w= A cos ¥' r+ ect) | 
¥, = —AM'y—' sin y(z + ct) }.......... [23] 
¥, =0 | 
The slow reflected wave, Equations [11] becomes 
w’ = A cos y(x — ct + |) 
y,’ = AM'y ‘sin y(2 — cet + l,) 
yy,’ =0 


and the fast reflected wave, Equations [12] is given by 


w'’ = (a; + b,2)'/ exp (~——-7y'’z) cos (yct — lh) 
vy,’ (7) "(S644 — 7'"2)w"’ 
vy," a 0 


In the foregoing 
l, = are tan (b,/a,), kx = 1,2 


We see that the slow reflected wave has the sarae amplitude, wave 
length, and velocity as the incident wave, but is out of phase with 
it. The fast reflected ‘“wave’’ is, in fact, a vibration, the am- 
plitude of which decreases exponentially as the distance from the 
edge of the plate increases. As A’’’ = 0 by Equations [22], no 
other waves are reflected. 

Now consider 


VRS>R+S 
Equations [22] are then replaced by 


A’ _ "(S60 — y""*) + y(Sbo' — *) 
A "(Sb — y""*) — ¥(Sbo* — y?) 


> 
¥""(Sdu' — y'"?) 


The incident wave remains unchanged (I2quations [23]); the slow 
reflected wave becomes 


= A’ cos y(z — ct 
A'/M'y—" sin y(x — ct) 


the fast reflected wave is given by 


w’ = A” cosy’'(r et 
vy," = —A"M''(y"')—' sin y’"(24 — ct) } ...... [27] 
y," =0 


and the reflected shear wave again vanishes. (The amplitude 
ratios A’/A and A’’/A for this case are plotted versus hy in Fig. 
4.) 

The incident wave is seen to give rise to two reflected flexural 
waves; we may examine the manner in which the energy per unit 
length of wave front, per cycle, of the incident wave is distributed 
to the two reflected waves. Using the expressions for energy given 
by Mindlin? we find 


E’_ (“) 

E \A 

| a (“) (2 5 + MM’? 
E  \ A/S \v"] b¢ + M" 


Here EZ, E’, and E”’ are, respectively, the energy per cycle, per 


JOURNAL OF APPLIED MECHANICS 


SEPTEMBER, 1954 


unit length of wave front of the incident wave, for the incident, 
slow reflected, and fast reflected waves. The ratios E’/E and 
E''/E are plotted versus hy in Fig. 5. 


The motion corresponding to 


YRS =R+S 


Siow Reflected Wave 


| 


7 Fast Reflected Wave 





Amplitude Ratio 











Energy Ratio 
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may be found by proceeding to the limit, as y?RS —~ R + S, in 
either of the preceding cases. By either method it may be verified 
that an incident wave 


w = A cos y(z + ct) 


R V3 
y,=A E- = | sin y (x + ct) 
¥, = 0 


now gives rise to a slow reflected wave 


w’ = —A cos y(z — ct) ) 


i/s 
yy,’ =—A las] sin y(z — ct) >? .....[29] 


¥,' =0 
and to a thickness-shear vibration 


w’’ 0 

os S ve. ree [30] 
v. = 2A Ez rf a sin ct | 
vy,” = 0 


The circular frequency p for this vibration is (see Equations [3], 
[5], [6], (8), [9}) 


Now, the circular frequency #, of the first antisymmetric mode of 
thickness-shear vibration of an infinite plate, according to the 
three-dimensional theory of elasticity, is p = mc,/h 
Thus it seems appropriate to let k = m/+/12 
so that the thickness-shear vibration in the present case will occur 
at the frequency predicted by exact theory for an infinite plate of 
the same thickness. 

It is interesting to notice that the motion here being considered 
is one of the possible modes of motion of an infinite strip of thick- 
ness h and width 6 (according to Mindlin*) provided 


hn 


= (30k/S +1)” n= 12... 
Hence, for y2RS = R + S,i.e., for p = p, the semi-infinite plate 
may be regarded as consisting of an infinite number of inde- 
pendently vibrating strips, each with its infinite dimension paral- 
lel to the edge of the plate. 

To conclude the discussion of normal incidence, we consider 
two limiting cases: 

When the wave length of the incident wave is large in compari- 
son with the thickness of the plate, we find, by proceeding to the 
limit in Equations [22] to [25], ashy +0 


¥, = Ay sin y(z + ct) yy, =0 


w = A cos y(z + ct) 


w’ = —A sin y(z — ct) 
vy,’ = —Ay cos y(zx — ct) 
y,’ 0 


, 


he 
¥," = 0 


w'’’ = 0 


= A(cos yct + sin yet) exp (—yz 


Ay(cos yei + sin yc!) exp (-—yz) 


v= 0 ¥,""=0 


* ‘*Thickness-Shear and Flexural Vibrations of Crystal Plates,"’ by 
R. D. Mindlin, Journal of Applied Physics, vol. 22, 1951, pp. 316-323. 
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These expressions show that the incident wave is reflected with- 
out change in amplitude or phase velocity, and that a vibration, 
confined primarily to a region near the edge of the plate, takes 
place. The classical theory of plates (whose range of applicability 
is restricted to the limiting case under consideration) predicts the 
same results. 

For wave lengths which are very small in comparison with the 
plate thickness,’ we let hy approach infinity in Equations [26], 
[27] with the result 


w =A cos 7(z + ct), ¥, = py, = 0 
w’ = A cos 7(z — ct), ¥,’ = ¥,' = 0 
w= ¥," = ¥," =0 

w'"’ — on .” a 0 


The total motion is 
w* = 2A cos yz cos yct 


which is a standing wave. 


7 Os iqve INCIDENCE 


We have seen that fundamentally different states of motion ob- 
tain according as the circular frequency of the incident wave is 
less than, equal to, or greater than the circular frequency of thick- 
ness-shear vibration of an infinite plate. Hence, for 0 < a < m/2 
we shall again examine separately the cases p < p, p > p, and 
y=9 

P<? 


As p < pis equivalent to RSé* < 1, we see from Equations [20] 
and [21] that y’’ and y’”’ are imaginary. 
Setting 


7 = —iy", y""" -_ —iy'" 


we get, from Equation [17] 


oe ote 
’ 


7 ina j = 
-, Sin «x, j 


sin a? = 


\2 /y 
[1 + (x) sin? a| = m/, say. 
¥i 


(For all values of a and y we have, as noted earlier, y’ = ¥, 
c’ =c,a@’ =a.) Substituting into the general expressions for the 
various reflected waves, Equations [11], [12], [13], we get from 
Equations [1] 


whence 


cos a’ = 


w’ = A’ exp [i7(z cos a + §£)] 
= w'M'y~ cos a 
yy, = w’M'y-'i sin @ 


w'’ = A” exp (ivE — y’’m"’z) 
¥," = w"M"'m" 


= —w''M''(y'')—"y sin a 


7 


w"’ 
y," 
vy," 


y sin @ 


5 het. abe) 
-7""'m'"'z) 


A’'iy sin @ exp (ivé 
exp (1y& 


, rte 
m 


where & = et. 

These expressions are valid for all a with the possible exception 
of a = 7/2, i.e., “grazing” incidence. For that case, the solution 
of Equations [18] is 

7 The theory is not expected to be good for very short waves. This 
limiting case is included for the sake of completeness. 
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-1,A4”"%= A’ =O 


and we get, in place of Equations [31] 





Fic. 6 Oprique Inciwence, p < p 

This complete disappearance of the motion is analogous to the 
ease of grazing incidence in the reflection of plane waves from the 
plane boundary of a semi-infinite solid. We shall return to this 
question later on. 

The waves described by Equations [31] are as follows (Fig. 6): 

a) A slow flexural wave, reflected at an angle equal to the 
angle of incidence of the incident wave. 

@) A fast flexural wave of amplitude decreasing exponentially 
with departure from the edge, and propagated in a direction 
parallel to the edge. 

@) Ashear wave of exponentially decreasing amplitude, propa- 
gated along the edge. 

Turning now to the case 


p>p 


we note that, from Equations [20] and [21] 


y"/y¥ <1, Y7'"/¥ < Land y’’/y < y'’’/¥ for all y+. 


(Fig. 7 illustrates these facts for v 1/4.) 

Equation [17] permits us to construct a table which shows the 
relationship between @ and a’, a’’, a’’’ in terms of trigonometric 
functions of these angles, Table 1. 

With the help of Table 1 and Equations [10] to [13] we can now 
describe the motion associated with various angles of incidence. 


For 0 < sin a < y’'/y, the reflected waves are as follows: 


ff) A slow flexural wave. 
(2) A fast flexural wave. 
(3) A shear wave. 


These emerge at angles a’, a’’, a’’’ with 


ovr 


a 


» 


os 


nN 


a’ <2x/2 


TABLE 1 


sin 
sin a < sin 


= 


1 


AuAt 
~ 


1 


< 
a 
>1 

> 


hAt 


= 0 


a 


ys y" 


a 
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Fic. 8 OB Ligue INCIDENCE, p > p, 0 < BIN a < y”’ 


5, wehave y""/y = 
deg (so that sin a 


For instance, with hy 
Taking a 15 


as shown in Fig. 8. 
0.302, y’’’/¥y 0.593. 
0.302) we get 


= = ~ 


15 deg 
0.259 


0302 7 9%! dee 


= are sin 


. 0.259 
are sin — 


0.593 


25.9 deg 


= ratios (see Equations [18]) 


y'’/y, the amplitude 


(a 


Thus we have only two reflected waves, Fig. 9, as follows: 


For sin @ 
are 
Y’) 
y 


2( Sbo! - 


A’ ; A” 
4 7 v( S604 - 


A A 2) 


1) A slow flexural wave whose angle of emergence is equal to 
the angle of incidence of the incident wave. 


2) A fast flexural wave propagated along the free edge. 


With hy = 5, as in the previous numerical example, the critical 
angle, a,, for which the shear wave vanishes, is 


= are sin (0.302) = 17.6 deg 


a, 


RELATIONSHIP BETWEEN a, a’, @’’, and a’’’ 


cosa’ = 1 
< cosa’ <1 
cos a’’ = 0 
cos a’’ imag. 
imag. 
imag. 
imag. 


0 < cos a’”’ 
0o< 
0o< 
, 

cos a 


sin a < sin a’”’ 
sina < 


sina < 


0 
sin a cos a 


sin a’ 
sin a’’ 
* cos a’ 


” 


< 
< 
” cos a’! < 
t =O 
** imag 


* imag: 


cos a’’ 


cos a’’ < sin a’ 
- cos a”’ ‘sin a’ cos a” 
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Fic. 9 OB Liqve INCIDENCE, pP 


Letting @ increase further, until y''/y < sin a <y’’'/y, we find 
that the fast flexural wave (Equations [12]) changes in character 
since cos @’’ is now imaginary. The shear wave reappears and we 
have, Fig. 10: 


A slow flexural wave. 
An exponentially decaying fast flexural wave, propagated 
parallel to the edge. 
@) A shear wave emerging at an angle, a’’’, with a < a’’’ < 
w/2. 
Another critical value of @ is reached when sin a = ’’’/¥ 
We then find (Fig. 11): 


@ A slow flexural wave. 
@ An exponentially decaying fast flexural wave 
3) A shear wave. 
Both @ and @ are now propagated along the edge. With 
hy = 5, the critical value for @ is 36.4 deg 

Finally, for y‘’’/y < sin a < 1, the shear wave also acquires an 
exponentially decaying amplitude, giving us (Fig. 12): 


A slow flexural wave. 
An exponentially decaying fast flexural wave. 
An exponentially decaying shear wave. 
Grazing incidence, i.e., a = 90 deg, leads to vanishing motion, 
as it did for p < p. 
To complete the discussion of oblique incidence, we consider 


the case 
p=? 


As the circular frequency of the incident wave approaches the 
thickness-shear frequency, the amplitudes of the fast reflected 
wave and of the reflected shear wave become infinite. The 
resonance encountered here results from the fact that reflection 
at the edge of the plate is equivalent to ‘forcing’ the plate at a 
frequency equal to a “natural” frequency. For it may easily be 
verified that the vibration 


w= wy, =0 
v, B exp (ipt 


is a motion which satisfies the equations of motion, Equations 
[2], and leaves the edge x = 0 free of traction. 


8 Grazinc INCIDENCE 
We have seen (Equation [32]) that the wave motion in a semi- 
infinite plate disappears as the angle of incidence approaches 90 
deg. A similar situation obtains in the case of waves reflected 
from the plane boundary of a semi-infinite solid. By application 
of a suitabie limiting process, wave motions for the latter case re- 
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cently have been found by Goodier and Bishop.’ A similar limit- 
ing process for the present case will now be considered 
Letting 


Substituting into Equations [18], the amplitude ratios are found 
to be of the form 


[33] 


Expanding the exponentials which appear in the expressions for 
displacements, we get from Equations [10] to [13] and Equation 


[1 


(1 ryex) exp (77) 
(1 + tyexr) exp (ivf 
exp (vf — af’’) 
‘exp (ivy — 2f’”’ 


(34g 


=A 
‘= A 
=A 
=A 


‘4 Note on Critical Reflections of Elastic Waves at Free Sur- 
faces,’’ by J. N. Goodier and R. E. D. Bishop, Journal! of Applied 
Physics, vol. 23, 1952, pp. 124-126 
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f=y—e 


seoonee 


fis [y? — (y*)?)'4, 7 =" 


From Equations [14], [33], and [34], the total motion is char- 
acterized by the expressions 


w* = Ae[—a’ — 2iyr + a” exp (~f’’x)] exp (iy). . [35] 


H'" = Aea’”’ exp (ivy — 2f’”’)..... [36] 


If we now permit A to become infinite as € approaches zero, 
and let the approach to infinity be such that the product Ae re- 
mains finite, we see that the first term of Equation [35] represents 
an incident flexural wave while the second term corresponds to the 
P,-wave found by Goodier and Bishop. The third term and 
Equation [36] indicate, respectively, a flexural and a shear wave, 
each propagated along the edge of the plate, and each having an 
exponentially increasing or decreasing amplitude, according as p 
is less than or greater than p; for p = p we again have resonance. 
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The limiting solution obtained by Goodier and Bishop satisfies 
the three-dimensiona] equations of motion exactly. Similarly, the 
motion defined by Equations [35] and [36] constitutes an exact 
solution of the two-dimensional equations of motion. Hence 
these waves could be obtained directly, without a limiting proc- 
ess, but the connection between these waves and those arising 
from the general case of oblique incidence would then be less evi- 
dent. Furthermore, these waves contain components whose am- 
plitude increases, without limit, with increasing distance from the 
free edge; as omission of higher-order terms, in the expansion of 
the exponentials, requires that the product of the wave number 
and the distance from the free edge remain finite, it is seen that the 
limiting process leads to a description of the behavior of the 
waves, valid in the neighborhood of the free edge. 
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Forced Motions of Elastic Rods 


By G. HERRMANN,’ NEW YORK, N. Y. 


In a recent paper by Mindlin and Herrmann, a one- 
dimensional theory of compressional waves in an elastic 
rod was described. This theory takes into account both 
radial inertia and radial shear stress and, accordingly, con- 
tains two dependent variables instead of the one axial dis- 
placement of classical rod theory. The solution of the 
equations for the case of forced motions thus involves 
complications not usually encountered. The difficulties 
may be surmounted in several ways, one of which is pre- 
sented in this paper. The method described makes use of 
Lagrange’s equation of motion and reduces the most 
general problem of forced motion to a free vibration 
problem and a quadrature. 


STATEMENT OF PROBLEM 


N approximate, one-dimensional, theory of vibrations of 
A rods,? in which the effect of radial inertia and radial 
shear deformation are taken into account, is contained 

in the equations of motion 


a*x*uu"” — 8x,2(A + w)u — 4ax;*Aw’ + 4aR oars | 
Qadu’ + aX + Qu)w" + 2aZ —~—-* 


the stress-displacement relations 


2P, = 2Po9 = x,2[2a(A + w)u + ohe'] 
2P, = 2adu + a%(A + 2yu)w’ 
4Q = x*a*uu’ 


the following boundary conditions: 


1 Ateach point along the length of the bar, one mem- 
ber of each of the products wR and wZ must be specified 
2 At each end of the bar one member of each of the 
products uQ and wP, must be specified 
and the initial conditions: 
The initial displacements and velocities must be specified. . [4 
In Equations and Conditions [1] to [4] the symbols have the 
following meanings: 
A, w = Lamé’s constants of elasticity 
density 
radial and axial displacements, respectively 
radius of the rod 
radial and tangential components of traction, respec- 
tively, on cylindrical surface of rod 
= correction factors 


1 This investigation was supported by the Office of Naval Research 
under Contract Nonr-266(09) with Columbia University. 

? Assistant Professor of Civil Engineering, Columbia University. 

3“‘A One-Dimensional Theory of Compressional Waves in an 
Elastic Rod,” by R. D. Mindlin and G. Herrmann, Proceedings of 
the First U.S. National Congress of Applied Mechanics, Chicago, IIl., 
1951. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 29-December 
4, 1953, of Tae American Soctety or Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 11, 1954, for publication at a later date. Discussion 
received afte- the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 30,1953. Paper No. 53—A-59. 


Pf 
P,Q 


Primes indicate differentiation with respect to z, the co-ordinate 
along the axis of the rod, and dots indicate differentiation with 
respect to time. 

The object of this paper is to describe the development of a 
formal solution of the foregoing equations for a rod of finite length 
l, and any admissible combination of time-dependent boundary 
conditions and arbitrary initial conditions. 

The solution will be developed by making use of Lagrange’s 
equation of motion 


d (: *) oT 4 

dt oq, O9n 
where 7’ is the kinetic energy of the mechanical system considered, 
V is the potential energy, qg, is the nth generalized co-ordinate, 
g, the nth generalized velocity, and Q, the nth generalized force. 


As a convenience in specifying the boundary conditions, the 
following notation will be employed 


} = rod-stress components, defined previously? 


oV 
be. = Q,.... 


B, =uorQatz =0 
B, wor P,atz =0 
B, uorQatz =/ 
B, = worP,atz =! 


Accordingly, the Boundary Conditions [3] become 


[3a] 


B,; = f(t), 
in which the four functions f,;(4) are prescribed. 
The Initial Conditions [4] are specified by the four arbitrary 
functions 
u(z, 0) = ue(z 
w(z,0) = wo(z) 


u(z, 0 = tog(z 
w(z,0) = wo(z 
KINETIC ENERGY 


The form of the kinetic energy of the rod may be obtained by 
performing the appropriate integrations in the expression of the 
kinetic energy in terms of the general three-dimensional displace- 
Thus, in general, the kinetic energy is 


. p — . ‘ a 
T = = (u,? + tig? + u,2)dr sii [6] 
~ J 


where u,, ug, u, are the components of displacement in cylindrical 


ments. 


co-ordinates and the integration is throughout the volume of the 


rod. With the assumed displacements of the one-dimensional 


theory,’ which were 


. 
= — u(z, o| 
a 


5 | ae 
w(z, t) 
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Performing the integrations with respect to @ and r, the volume 
integral in Equation [8] reduces to a simple integral, extended 
over the length | of the rod 


2 l 
_ ™pa? 4 (“ 4 e) a _.. 19] 
2 jf, \2 


PoTENTIAL ENERGY 
The potential energy of the rod is obtained, similarly, by per- 
forming appropriate integrations in the general expression for the 
The latter is 


v=f i ee 
Vv 


where the integration is over the volume of the rod and 


1 Ou, , 1 Ou, . Ous 
2 o a a no aie - -4 —_ 7, seve o4 
2 = *\, 0 | (Oz 


The Assumed Displacements [7] are now inserted into Equation 
[11] and the integrations are performed with respect to r and 8, 


potential energy. 


[10] 


W = [11] 


thus obtaining ar: expression in terms of u, w, P,, Pe, P,, and Q.- 
Use of the stress-displacement Relations [2] reduces the result to 


l a 
V=r i [2a + pu? + 2hauw’ + = (A + 2pn)w"? 
4 2 


Ka? | 
s u’? | dz 
t 


For the sake of simplicity, the correction factor x; has been set 


[12] 


equal to unity. 
FREE VIBRATIONS 
As a preliminary to the study of forced vibrations, we shall be 
concerned with the problem of free vibrations, specified by the 
homogeneous differential equations of motion 
-8(X + w)u — 4adw’ = pari 
2adru’ + a%(X + 2y)w” = paid 


a*x*pu” - 
- [13] 
and homogeneous boundary conditions 
B, = 0, cy eee 
Considering solutions in the form 
U(z) sin ve 


W(z) sin wi 


u(z,t) = 
w(z, t) 


[15] 


we may show that the equations of motion, Equations [13], to- 
gether with the Boundary Conditions [14], are satisfied for an in- 
finite set of discrete frequencies w,, each of which corresponds to a 
mode shape given by functions U,,(z) and W,(z), which are deter- 
mined except for a multiplying factor, common to both functions. 

The kinetic energy of the rod, vibrating in the nth principal 
mode, is, according to Equation [9] 


2 2 1 
10 3 (; U,2 + w.!) dz cos? w,t.... . [16] 
2 . 


and its maximum value is 


°¢ pa? l 
Te maz = On TOO! ( Us 4 wt) : 
:; % we 


Similarly, the maximum potential energy of the rod is, from 
Equation [12] 


i 
Vamwx = 7 f [2a + w)U,* + 2AaU,W,’ 
0 


2 2 
+2 (A + 2u)W,’? + me vs] dz.....[18] 
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Employing the principle of conservation of energy, we restate, 
for future reference, the well-known relationship 


[19] 


Re ae rs; max. . 


TrmeE-DEPENDENT BouNDARY DISPLACEMENTS 


Whenever a number m, of time-dependent displacements is 
specified at the ends of the rod, in a forced-vibration problem, it is 
convenient to solve m static problems in advance; each problem 
being governed by the equilibrium equations 


a’x*pu” — 8(A + p)u fa\w’ = 0} 


20) 
2aru’ + a2(A + 2y)w” = OF 


} 

The boundary conditions for each static problem are obtained 
by setting one of the m end displacements equal to unity and 
letting the remaining three conditions be homogeneous. For 
example, if the boundary conditions of the foreced-vibration 


problem are 


u(O, t) 
PO, t) 
Ql, t) 
w(l, t) 


fi(t) 
f2(t) 
f(t) 
LO 


then m = 2 and twe static problems have to be solved; one with 


boundary conditions 
u(0,t) = | 
PO, t) = 0 
Ql, t) = 0| 


w(l,t) = 0 
and the other with boundary conditions 


u(0,t) = 
P,0,t) = 
Q(, t) 
w(l, t) 


[22] 


The m static solutions u(z), w(z), which are readily obtained, will 
be designated g,,(z), 9;,.(z), where 7 runs from 1 to m. 


GENERAL Forcep-VIBRATION PROBLEM 


The solution of the general forced-vibration problem, specified 
by Equations [1], [3a], and [4a], will be sought in the form 


> 9in(2)f(t) + 


s=1 


m @ 
> Vil2 f(t) + > W,.(2)qn(t) 


t=1 n=1 


u(z,t) U,(z)q,(t) 


n=1 
w(z,t) 


All the functions in Equations [23] have been introduced in pre- 
ceding sections and are assumed to have been determined, with 
the exception of qg,(t), which will be found from Lagrange’s 
Equation [5]. It should be noted that Equations [23] satisfy 
the Boundary Conditions [3a]. 

Inserting the Forms [23] into Expression [9] for the kinetic 


energy 7T', we obtain 


™pa? rhi< 
t= - > . 
2 f ; Ginds + 


s=1 


+ y Vieds + > Wada 


s=1 n=l 


U.Gn 
n=1 
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and 
d O71 Tpa* f 
dt O74, 2 0 


where use has been made of Equation [17] 


ly 
/ ( UU, + wi) dz=0, w, # o, 
2 


The Relationship [27], which expresses the property of orthogo- 
nality of the principal modes of free vibration, can be obtained 
by substituting the assumed Displacements [7] and [15] into 
Clebsch’s theorem‘ and performing the integrations with respect 
to rand @. Alternatively, Relationship [27] may be obtained 
from Equations [13] and [14], using Rayleigh’s method.* 

Insertion of the Displacements [23] into the Expression [12] for 


and of 


the potential strain energy V vields 


m 


1 n=1 


@ 


m 
> Ua: ) Vin fi + > W's 


n=l i 


m 
2u) > Vie Si 
t= 1 
m 


1 n 1 
' > W,’¢ 
n=1 
> iw Si + > U'n'dn | ¢ a2 [28 
1=1 n=1 \ 


Partial differentiation with respect to q, results in 
m 


eae ftw Yo oak 
=f . A + p) DiuJ c&' « 
7, “ / 


m 


+ 2a } Vix 


GiuSiUn'¢ dz 
\ 


where use has been made of Equation [18] and of 


f E d+ wUU, + 2da(U,W,’ + UW,’ 


2q? 
— vu, |ae = 0, w, ¥w, 
9 


+ 2), max qd» 


+ (A + Qu)a2W,’W,’ + 
which states, in another way, the orthogonality property of the 
principal modes and can be transformed to the Relationship [27 | 
by use of the equations of motion, Equations [13]. 

Referring to the integral in Equation [29], the primed terms 
may be integrated by parts. Then, noting that U,, W,, satisfy 

‘Theory of Elasticity,”” by A. E. H. Love, Cambridge University 
Press, London, England, fourth edition, 1927, p. 180. 

“Theory of Sound,”’ by Lord Rayleigh, Dover Publications, 
New York, N. Y., second edition, vol. 1, 1945, p. 262. 


Equations [13] and [14], while 9,,, 9, satisfy Equations [20] and 
boundary conditions of the type exemplified by Equations [21 |, 
we arrive at 


l 
yi \! A T BGin U, T 2Aa(ginW,’ T Vin U 
K7q? 

+ (A »= 


2 


, 


+ 2u)ja’g,,.’ W,’ + ust dz=0 (31 


Vow 


Thus, the integral in Equation [29] vanishes and we find, from 
Equations [29], [31], and [19] ‘ 


oV 
07, 


= 29,0 5, max = QZgal'n max 32] 


The vanishing Integral [31] also can be used advantageously to 
simplify the integral in Equation [26]. Assuming, temporarily, 
the largest possible number of specified, time-dependent dis- 
placements at the ends of the rod (m = 4) we obtain, by partial 


integration 


0) + P,,(0) — Q,(L) Pall | (33) 


where Q, and P,, are tractions produced by the displacements of 


U. and WwW, 
Entering this result into Equation [26 


dor _ 2 .O(0 LPO LO. / 
= QQ, + f.P,(( if) ,(0) - it’, 
peer F iP, 70, 


» 


T Y max : q> 34] 


wW 


, we obtain 


The generalized force Q,, in Equation [5], defined as the coefficient 
of the increment 6g, of the generalized co-ordinate q,, in the ex- 
pression for the work 6W,,, done by the applied physical forces in 
the displacement produced by ég,, has to be determined on the 
basis of this definition. We note, at this point, that not only the 
q, but also the m-functions f; have to be regarded as generalized 
co-ordinates. Consequently, Q, will not be affected by the pres- 
ence or absence of any of the functions f,. 

An increment 69, produces, according to Equations [23], the 
infinitesimal displacements 


bu = U,bq,4 (351 

. p 135 
bw = W,5q, 6 , 
The work 6W, done by the applied forces on the surfaces of the 
rod, has been derived in another paper* and is 


bW = 2na f (Réu + Zéow)dz 4 
9 


2r [Q(Ldu(l) + P,(Ddw(l Q(0)du(0 P(0)bw(0 6 


Considering the largest possible number of specified, time-de- 
pendent forces, inserting Equations [35] in the foregoing expres- 
sion and factoring éq,, we obtain the generalized force Q,(¢ 


l 
Q,(t) = 2na f, [RU, + ZW, ]dz + 
27 (QOU CD + P(OW,(D — Q(0)U,(0) — P,(0)W,(0 [37] 
Comparing this with Equation [36], Q, is seen to be the work 
done by the applied surface tractions in the displacements of the 
nth principal mode. 
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In computing 

dar 

dt 0g, 
of Equation [34], we have assumed, as an extreme case, four time- 
dependent displacements specified at the ends of the rod (m = 4). 
The generalized force Q,, Equation [37], on the other hand, was 
derived under the presupposition of four time-dependent tractions 
acting at the ends of the rod (m = 0). Now, whatever the value 
of m, the total number of the terms in the bracket of Equation 
[34] and in the bracket of Equation [37] will always be four. In 
view of this, it is convenient to define four quantities H;, i = 1, 
2, 3, 4, as follows 


o=ffif, = f:Q,(0) or 2xU,(0)Q(0), according as | 
wa 


or Q 


2 
=" f2P (0) or 24W,(0)P,(0), according as 
Wy 


B, u 
H; 


B, =w or P, 


» [38 


Hy = f:Q,(0) or 2rU,(DQ(), according as 
w, 


By =u or Q | 


i = LP) or 2rW,(1)P,(0), according = 
OW, 


or P, | 


B, w 


A, = —————— 


f } — > sor.) U, + E sans 2 


p= 1 


Lik 
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s=1 
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The general integral of this ordinary differential equation is 


q(t) = A, cos w,t + B, sin w,t 
1 t 
> f Q,.*(7) sin w,(¢ — r)dr...... [41] 
wo, Jy 


It remains to determine the constants of integration A, and 
B,, employing the Initial Conditions [4a]. At ¢ = 0 we have 


m @ 
>, ouleyco) + D> Au, 


s=1 n=1 


s GJiw(z)f(0) + pI A.W, 


s=1 n=1 


m @ 
; Giul2)f,(0) + } B,U,@, 


i=1 n=1 
Jie(2)f,(0) + > BLW,w, 
n=1 


In view of the orthogonality Relationship [27] we multiply the 
first of Equations [42] by U,/2, the second by W,, add the 
two and integrate both sides over the length of the bar. 


Solving for A, we obtain 
nator) v, dz 


u(z,0) = 
w(z, 0) 


u(z,0) = 


m 


> 


t=1 





ee 





t/i 
f (; U2 + w.) dz 
a 


B,, is obtained from the third and fourth of Equation [42] in an 
analogous manner 


tio — >. ssi U, + E _ 2. etei v, dz 


s=1 





Also we define the quantity 


w,? 


Qn" = OF. aa 


4 
> n,|-9 


rE 
E J (RU, + ZW,)dz + 
0 


Then Lagrange’s Equation [5] becomes 


gj. + o,79, = 


J 
W, f ( U,? + w.) dz 
P 2 


This completes the formal solution of the problem. 
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Creep Tests of Rotating Disks at Elevated 
Temperature and Comparison With Theory 


By A. M. WAHL,'! G. O. SANKEY,? M. J. 


A theoretical and experimental program involving 
methods of calculating creep in rotating disks at elevated 
temperatures is described. This program consisted pri- 
marily of the following: (a) Obtaining forged disks from 
the same ingot of 12 per cent chrome steel, all disks being 
forged and heat-treated in the same manner; (6) making 
spin tests at 1000 F on three of these disks for periods up to 
about 1000 hr; ( ) making long-time tension-creep tests at 
1000 F on many specimens cut out circumferentially from 
several of the other disks at stresses approximating those 
of the spin tests; (d) investigating theoretical methods of 
calculation of creep deformation in such disks; and (e) com- 
parison of spin-test results with those calculated theoreti- 
cally using average tension-creep data. It was found that 
available methodsof calculating rotating disks based onthe 
Mises criterion gave creep deformations too low compared 
to the test values, i.e., on the unsafe side for design. 
Considerably better agreement between test and theoreti- 
cal results is obtained if the latter is based on the 
maximum-shear theory. Some discussion is given of the 
reasons for the better agreement obtained using the latter 
theory; these are believed to be related in part to the 
anisotropy of the forged material tested. Further tests on 
other materials are necessary before general conclusions 
can be drawn; however, in the absence of test data it is 
suggested that a conservative course in design for such 
disks is to apply the maximum-shear theory. 


1 INTRODUCTION 


N the design of gas turbines and jet engines, the problem of 
long-time creep deformations and stresses in the turbine 
disks operating at high temperature is an important one. 

For this reason, several years ago the authors’ company instituted 
a theoretical and experimental program at its Research Labora- 
tories with two primary objectives: (a) Checking experimentally 
on presently used methods of calculating creep deformations and 
stresses in rotating disks operating for long periods at elevated 
temperature; and (») developing better and more accurate meth- 
ods of calculation for design use. To this end a precision testing 
machine was developed at the Research Laboratories of the com- 
pany for spinning disks at high speeds and temperatures while 
maintaining close control of these variables; this machine has 


1 Advisory Engineer, Westinghouse Research Laboratories. 
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2 Westinghouse Research Laboratories. 

3 Research Engineer, Westinghouse Research Laboratories. 
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been reported on previously (1). Tests of a more immediately 
practical nature are carried out on jet-engine disks and blade 
fastenings at the Aviation Gas Turbine Division using a machine 
described some time ago (2), while the tests at the Research 
Laboratories are carried out from a more fundamental viewpoint 

Although a great many theoretical investigations of rotating 
disks have been reported in the technical literature, most of these 
consider only elastic deformations and stresses, or the problem of 
plastic flow when the disk is brought up to speed; only a very few 
deal with the theoretical calculation of creep and stress in rotating 
disks operating for long periods at elevated temperature. In so 
far as the authors are aware, no investigations have so far been re- 
ported wherein an accurate comparison has been made between 
the long-time creep deformations observed in spin tests of disks 
at high temperature and those calculated theoretically on the 
basis of long-time tension-creep test data as is done in this paper 

Because of the complicated nature of the creep problem when 
temperatures vary radially in the disk, it was decided to simplify 
the problem by carrying out the first phase of the investigation 
using constant-thickness disks of 12 in. OD subjected to constant 
temperature. 

Some preliminary spin tests were made some years ago on disks 
forged from a commonly used gas-turbine material (19-9-DL). 
Long-time tension-creep tests also were obtained from specimens 
cut out from these 19-9-DL disks, but these latter showed wide 
scatter in the creep rates at the same stress even though the 
specimens were cut out from the same disk. However, using availa- 
ble methods of calculating creep deformations employing the 
Mises criterion (distortion-energy theory), calculated creep de- 
formations, using average tensile-creep data, of the order of half 
the spin-test results were obtained. At that time this discrepancy 
was attributed to the variability of the material. 

On account of this wide variability in the tension-creep results 
obtained on the 19-9-DL disk material in the preliminary phase of 
the investigation, it was then decided to make further tests on a 
12 per cent chrome steel which was expected to be more uniform 
and stable. Briefly the procedure was to forge several disks from 
a single ingot, the disks to be heat-treated to as uniform proper- 
ties as possible. Several of these machined disks were spun at 
1000 F for periods up to about 950 hr; several more were cut up 
for long-time tension-creep tests. 

In spite of precautions to obtain uniform material it was found 
that this 12 per cent chrome steel also showed considerable 
scatter in creep-test results although not as much as that found for 
the 19-9-DL. 
creep tests in order to obtain average values of statistical signifi- 
cance. This matter is discussed further in Section 3. Comparison 


Therefore it was necessary to make a great many 


is then made between test and theoretical values of strains as 
measured by spin tests on the !2 per cent chrome steel disks at 
various radii and at various times. This also will be discussed 
further in Section 4. 

The results of these comparisons appear to indicate that, using 
average values of tensile-creep data as a basis, these data being 
obtained from specimens cut in a tangential direction, the 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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theoretical creep deformations in the disks calculated using the 
Mises criterion are too low compared with the results of long-time 
spin tests at 1000 F. By using the maximum-shear theory, how- 
ever, instead of the Mises criterion (as discussed in the following), 
closer agreement between average test and theoretical values of 
creep deformations in the disks was obtained for the disks tested. 
This result obtained on the 12 per cent chrome steel is now seen 
to be at least roughly consistent with the results obtained pre- 
viously on the 19-9-DL material. 

It can be stated further that the maximum-shear theory in this 
case leads to somewhat simpler expressions and is also on the safe 
side for design since it vields higher creep deformations than if the 
Mises criterion is used. Some reasons why the maximum-shear 
theory gives better results in this case are discussed in Section 4; 
these are believed to be connected in part with the anisotropy 
of the forged material tested. 

Further studies of methods of taking into account this aniso- 
tropy are now in progress and will be reported on later. 


2 THEORETICAL CONSIDERATIONS 


Assumptions. In making an analysis of creep deformations 
for the long-time spin tests reported here (see Section 3) the 
following assumptions will be made: 


1 Elastic deformations, being relatively small for the disks 
tested, may be neglected in comparison with deformations due to 
ereep. 

2 Stresses at any radius r of the disk remain constant in time; 
i.e., a steady-steady condition of stress is reached. (This neglects 
the transient condition during the first few hours of operation; 
the justification for this is discussed more fully later. ) 

3. A biaxial state of stress exists with tangential stress o, and 
radial stress o,, Fig. 1, the axial stress a, being zero. 

4 A power function relation of the form € = ko"f(t) exists be- 
tween strain rate €, stress o, and time ¢ in simple tension, where 
f(t) = function of time; & and n are constants. (Use of a power 
function is believed justified since the tangential stress does not 
change too much along a radius of the disk.) 

5 For a biaxial state of stress (o,, ¢,) the tangential, radial, 
and axial strain rates €, €,, €- may be expressed in the following 
form, similar to equations based on the so-called rules of station- 
ary plastic flow (3) 

- 
O° 


ks"f(t) 








= 


—AG, + G,) 
= keno] = —— ] 


The stress s in Equations [1] refers to an “equivalent”’ stress (also 
called “effective’’ stress) which depends on the strength criterion 
employed. Thus, for example, if we have only a simple tension 
stress o, acting, s = o, and €, = ko,"f(t); on the other hand, if a 
tension stress ¢, acts alone (o, = 0),s = 3, and €, = —!/2ka,"f(t) 
as would be expected from the constant-volume relation. 


In this paper the stress s in Equations [1] will be based on 
either the Mises criterion (as is frequently done at present) or on 
the maximum-shear theory. Note that these equations assume 
isotropy of the material. 

Analysis Using Mises Criterion. Assuming that the stress s in 
Equations [1] is based on the Mises criterion (also known as 
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distortion-energy or octahedral-stress theory) we obtain for a bi- 
axial state of stress 


[9 

‘©; 

Using this in Equations [1], and taking w = dw ‘di as the radial 
deformation rate we obtain 


o 


These equations are essentially the same as those proposed by 
Soderberg (4) except that strain rates are used instead of strains 
Equations [3] also reduce to those proposed by Odquist (5) if 
f(t) is taken as unity. In addition, the Mises criterion has been 
utilized by Bailey (6) in calculating rotating disks under creep; 
however, Bailey’s equations assume that the creep rate does not 
vary with time and are more complicated than Equations [3] since 
they involve an additional constant which must be determined 
experimentally using creep tests under biaxial stress systems 
However, by a suitable choice of this constant it is possible to 
express Bailey’s equations in the form of Equations [3], taking 
f(t) = 1. In view of the lack of experimental data for determin- 
ing the additional constant in Bailey’s equation, the simpler 
Equations [3] are used here. 

Fquations [3], taking f(t) = 1 and basing s on the Mises 
criterion, also have been used for rotating disks under creep con- 
ditions by Popov (7) and by Millenson and Manson (8). 

In determining the stress distribution in a rotating disk of con- 
stant thickness the following equation based on the equilibrium 


PUNCH MARKS 
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condition of an element, Fig. 1, subjected to radial and tangential 
stresses, o, and @,, is used 


d 


y gtr? = 0 ; vena 
dr q 


(ra,) oO, + 
In this, y = weight of material, lb per cu in., g = gravitationa! 
acceleration in/sec?, w = angular velocity, radians per sec. 

The first two of Equations [3] and Equation [4] suffice to de- 
termine the three unknowns ¢,, ¢,, and w. In determining the dis 
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tributions of ¢, and ¢, as a function of r, the authors have used 
the successive-approximation method suggested by Bailey (6), 
which was found to converge very rapidly. (See Appendix for 
details and example calculation.) With the known, 
the tangential, radial, and axial strain rates €,, €,, and €, may be 
found from Equations [3]. If the strain rates are known at vari- 
ous times the strains can be obtained by simple integration. 


stresses 


The distribution of o, and o, along a radius obtained in this 
manner based on the Mises criterion for a 12-in-diam disk with 
a 2'/--in. bore and operating at 15,000 rpm (y = 0.283 lb per 
cu in.) is shown in Fig. 2 for various values of n. 

The distribution of radial, tangential, and axial strains €,, €,, and 
€, as a function of radius for n = 6 to 9 is indicated in Fig. 3. 
These strains are plotted in terms of ratios €,/€,;, €,/€::, €/€: 
where €,; = maximum tangential strain at r;. The curves forn = 
6, 8, and 9 were found to nearly coincide so that average curves 
only are given. 

Analysis Using Maximum-Shear Theory. A similar analysis 
may be carried out employing the maximum-shear theory instead 
of the Mises criterion. This means that in Equations [1] the 
equivalent or effective stress s is based on the maximum-shear 


theory; since in the case of the rotating disk considered a, > o; 
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CREEP TESTS OF ROTATING DISKS 
> 0, the minimum principal stress is zero and hence s may be 
taken as o, in Equations [1]. Thus we obtain 


It 


Similar equations based on maximum-shear theory for creep 
also have been proposed by Coffin, Shepler, and Cherniak (9 
who have applied the results to tubes under internal pressure 

By utilizing Equation [4] and the first two of Equations [5|, 
stress and strain distribution as a function of disk radius may be 
obtained on the basis of the maximum-shear theory. (See Appen- 
dix for details.) The results of these calculations for various n 
values are shown in Figs. 3 and 4 
when plotted in terms of ratios €,/€,;, 
practically to coincide with the values obtained using the Mises 


The strain-distribution curves 


and so on, were found 


criterion for n = 6 to 9, Fig. 3 

In general, higher strains and strain rates will be obtained using 
the maximum-shear theory as compared with the Mises criterion, 
since the equivalent stress s in Equations [1] is higher if the 
maximum-shear theory is used. 

Transient Condition at Start. When the disk is first brought up 
to speed at 1000 F, the stress distribution will approximate the 
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elastic stress distribution except near the bore where a stress 
roughly equal to the yield stress at 1000 F may be expected. 
However, because of this rather high tangential stress near the 
bore at the start, rapid creep at this point will occur; this bore 
stress relaxes rapidly toward the steady-state condition. A rough 
estimate of the time necessary to reach practically steady-state 
conditions at 15,000 rpm was made (for n = 5) by assuming 
successive small increments of tangential stress linearly dis- 
tributed radially while maintaining constant average tangential 
stress. The time necessary to allow relaxation of the stress by 
this amount was then computed, assuming a power-function rela- 
tion between stress and creep rate. The results indicated that 
relaxation to practically steady-state conditions would occur 
within a very short time (of the order of a few hours). This is 
small compared with test operation during times up to nearly 
1009 hr. . 

For higher values of n (around 6 to 8 as was found for the 
stresses used in the present tests) even more rapid relaxation to 
steady-state conditions would occur. Hence it is believed that 
for the disks tested, the transient condition may be neglected 
and steady-state conditions assumed. This conclusion also was 
reached by Bailey (6). It is possible, however, that there are 
cases, particularly where operating stresses are very low, for which 
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Direction 


Plane of Disk 
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the transient condition would have to be considered for accurate 
results, 
3 Tests 

Disk Material. (a) Selection and Preparation. To select an 
alloy for the disk forgings, several alloys for steam and gas-tur- 
bine service were forged. Specimens selected from the rim and 
center of these disks were tested in creep. As a result of these 
tests Allegheny 418 was selected from a uniformity standpoint. 
Thirteen forgings were ordered with the co-operation of the 
Allegheny Ludlum Corporation. The following conditions and 
procedure were carried out: (a) All thirteen billets were taken 
from one ingot. (6) Billets from the ingot were forged the same 
amount to approximate disk size and marked 1 through 13 start- 
ing at the bottom of the ingot. (c) All forgings were heat-treated 
together as follows: (1) 1650 F for 3 hr, air-cooled; (2) 1150 F for 
12 hr, furnace-cooled. The forgings were then machined to 
approximately final disk size and examined for cracks or flaws. 
For the latter, ultrasonic, zyglo, and x-ray methods were em- 
ployed. Finally, a hardness survey across four diameters (two on 
each face) was made on each disk. The average hardness of in- 
dividual disks was about the same, varying from 210 to 218 DPH 
with a standard deviation of 3. 

(b) Composition. This Allegheny 418 material is a 12 per cent 
Cr, 3 per cent W stainless steel (designated 12 per cent chrome 
steel throughout this paper). Analysis of the ingot in per cent is 
as follows: 


Cc Mn Si W Cr Ni Ss P 
0.11 O37 O48 2.91 12.55 0.39 0.017 0.017 


(c) Microstructure. Photomicrographs were made of parts of 
the disks which were cut up for creep specimens both before and 
after test. A portion of the rim of disk 13, Fig. 5, shows a two- 
phase structure which is typical of all of the disk specimens tested 
in tensile creep. The bright second phase, delta iron, strings out 
in the direction of the plane of the disk. The average amount 
of hot-cold work is very small in these disks since the diameter 
of the disk is about the same as that of the original ingot. These 
stringers are formed because of the free ferrite, delta iron, present. 
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The stringers become longer, finer, and more broken up as 
the center of the disk is approached. Only a slight difference in 
orientation of the stringers was noted in the thickness direction. 

(d) Anisotropy. Asa result of these stringers in the plane of the 
disk a pronounced anisotropy of the specimens from the disks was 
observed. In the tensile-creep tests the original circular cross 
section of the specimens deformed into an ellipse with the minor 
diameter corresponding to the thickness or axial direction, and 
the major diameter, to the radial direction in the disk. For the 
tangential specimens, the ratio of the strain in the axial direction 
to that in the radial direction varied from 1.3 to 2.7 with an 
average of around 2.0 for the disks tested. We can conclude that 
the material has a lower creep strength in the thickness direction. 
The consequences of this anisotropy will be discussed in Section 4. 

(e) Metallurgical Stability. The creep specimens were checked 
for metallurgical stability by hardness measurements and photo- 
micrographs of the stressed and unstressed portions of the speci- 
mens. Diamond-pyramid hardness measurements were made on 
all specimens before and after test on a portion of the specimen 
not subjected to stress. No significant change in hardness was 
found. A comparison of the photemicrographs taken before and 
after tests on creep specimens selected at random led to the follow- 
ing observations: (a) No change in the microstructure of the un- 
stressed part due to exposure at 1000 F, and (6) slight breaking up 
of the second (bright) phase of the stressed part of the specimen. 
It also was noted that the stressed part etched slightly darker than 
the unstressed. These observations were made on specimens 
tested well beyond the 900-hr limit represented by the spin tests. 

Long-Time Spin Tests of Disks at 1000 F. The spin tests were 
carried out in a high-speed high-temperature testing machine (1) 
shown in Fig. 6. The disk specimen is mounted with the rotational 
axis vertical on a flexible shaft and driven by a 3-phase induction 
motor. 
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In the design of the machine primary emphasis was placed on 
accurate measurement and control of the test parameters of 
speed (stress) and temperature, and the determination of creep 
strains. Speed regulation is achieved by automatic means using 
60-cycles-per-sec (cps) line supply as a reference. Periodic 
checks of machine frequency using a precision Frahm meter 
showed maximum short-time errors of less than 0.3 per cent and 
the average error for a run was estimated to be less than 0.01 per 
cent. Calibrated thermocouple wire was spot-welded to the disk 
at various radii with the leads being brought out to a precision 
potentiometer in parallel with an electronic recorder through slip 
rings. Calibration of the thermocouple circuits indicated the disk 
temperature was measured within 5 deg F. The specimen was 
heated by means of a winding supported in close proximity to the 
disk faces. By test, with thermocouples located at inner, outer, 
and intermediate radii, and throughout the disk thickness, this 
heater gave uniformity of specimen temperature within 5 deg F. 

Strains in the disk were measured by punch marks placed 1 in. 
apart across four equally spaced diameters on each face of the 
Punch-mark spacings were measured before 
Specimen 


specimens, Fig. 1. 
and after each test by means of a traveling microscope 
ID and OD were measured with micrometer calipers along with 
disk thickness and profile. The accuracy of these strain measure- 
ments was within 5 per cent. 

Three disks (1, 2,and 12) were selected for plastic-flow and creep 
tests. The plastic-flow test consisted of bringing disks 1 and 2 to 
temperature (1000 F) and speed (15,000 rpm, average stress 27,200 
psi) for several seconds. When cool, the permanent expansion in 
each disk was measured and was found to be about 0.002 in. on 
the OD, an amount very small in comparison with the creep 
values obtained later. A creep test of 180 hr was carried out sub- 
sequently on each disk. Disk 2 was then run for an additional 271 
hr at slightly reduced speeds such that the initial peripheral speed 
was maintained approximately constant considering the expansion 
of the OD. The initial test on disk 12 was for 6'/; hr. It was then 
run out to 206 hr at a constant speed of 15,000 rpm. Thereafter 
the spin speed was reduced slightly to maintain constant peripheral 
speed and the specimen run on out until a total of 957 hr was 
reached. The test results showing OD and ID expansion versus 
time for each disk are plotted in Figs. 7 and 8, respectively, with a 
scatter band shaded between points. Radial, tangential, and 
axial-strain values along the disk radius for each disk after 180 hr 
are shown in Fig. 9. Here again test points are plotted and 
scatter bands shown. It can be seen from the data plotted that 
the summation of the three strains at any radius leads to a nearly 
zero value which is in agreement with the usual assumption made 
in creep problems of a constant-volume relation. 

Tensile-Creep Tests of Specimens From Disks at 1000 F. To ob 
tain tensile-creep data at various stresses, four disks (Nos. 5, 9, 10, 
and 13) were cut into blanks as indicated in Fig. 10. Most of the 
specimens were cut in the tangential direction since the major 
stress is tangential. The specimens were machined from these 
blanks, marked with the number of the blank, and prefixed with 
the number of the disk forging. The gage length was 3 in. and 
the diameter 0.505 in. 

The tests were performed in conventional lever-arm and spring- 
loaded creep machines (10) at a constant load and a temperature 
of 1000 F a- 2 deg F. 

Tensile-Creep-Test Results. The results of the tensile-creep 
tests are summarized in Table 1. The stress given is the nominal 
stress based on the original area. Since this material is cherac- 
terized by a long first stage of creep, that is, the creep rate di- 
minishes with time during most of the creep test, the strain and 
creep rates are given at 180, 300, 600, and 900 hr. To indicate the 
duration of the test the final strain and creep rates also are 
tabulated. At the higher stresses all three stages of creep were ob- 
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served; for these tests the strain and time at the transition point 
and the minimum creep rate are given. The greatest number of 
teats were made at 25,000 psi. The creep curves for this stress are 
shown in Fig. 11 where the logs of the plastic strains are plotted 
as a function of the log of time. 

The curves in the upper half of Fig. 11 are for specimens from 
disks 5 and 9 and those in the lower half are from disk 13. These 
curves are practically straight lines after about 180 hr, which in- 
dicates that the creep rate diminishes with time. The creep 
curves for the other stresses are similar and are, therefore, not 
plotted here. However, as the stress is increased the time to the 
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transition point from second to third stage of creep decreases. 
As the transition point is approached, the creep rate and creep 
strain increase at the portions of the specimen where local neck- 
ing starts. The true stress, therefore, increases more than that 
calculated from an assumption of uniform plastic flow. 

To utilize the tension-creep data in the theoretical calculations 
of creep deformations in the spin tests the average properties of 
disks 5, 9, and 13 were taken as being representative of all 
the disk forgings. Most of the creep tests were made on specimens 
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from these disks and the majority of tests were made at two 
nominal stress levels (25,000 and 29,000 psi). 

The data from tests made at other stress levels are not in- 
cluded in the table except those at 30,000 psi. The true stress at 
180, 300, 600, and 900 hr is given as a function of creep rate in Fig. 
12 for those stress levels where sufficient tests were made to ob- 
tain a representative average. Each point on this figure repre- 
sents the average of several specimens cut from a given disk. The 
straight lines shown for 180 and 300 hr represent average values 
for 3 disks between 25,000 and 29,000 psi nominal stress levels. 
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180 and 600 hr 


(Open points, solid points, 300 and 900 hr 


This amounts to assuming a power-function relation between 


these stress levels. The lines for 600 and 900 hr are drawn ap- 
proximately parallel to the curve for 300 hr but are not ex- 
trapolated +o high stress levels (around 29,000 psi) since no tests 
were available at such values of true stress beyond about 300 hr 

and it was felt that such extrapolation may be somewhat uncer 

tain. Data from this figure are used in the theoretical calculations 
(Section 4). 

Discussion of Results. As mentioned previously, 
selected because it was hoped that the properties would be uni- 
form for various positions in the disk. Disk No. 13 was selected 
for a study of the creep properties at a nominal stress of 25,000 psi 
and 1000 F because it showed the greatest variation in the hard- 


this allov was 
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ness survey and hence it might be expected to show a greater 


variation in creep properties than would the other disks. From 


the ten tests for No. 13 disk at 25,000 psi, Fig. 11, the wide spread 
of creep can be noted. The ratio of the strains from the weakest to 


the strongest specimen is about 2.5 to 1. This variation in proper- 
ties is related to the amount of hot-cold work which occurred 
during the forging of the disk. It should be mentioned that no 
correlation between average hardness and creep strength was 
found among the various disks. The variations in properties of 
disks Nos. 5 and 9 were less but so were the number of tests. 

Two tests at 29,000 psi with the same intermittent loading and 
heating cycle as used in the spin tests 1 and 2 indicated no 
anomalous change in the creep rate when compared to a con- 
tinuous loading. 

The straight lines in the log-log plot of Fig. 12, as mentioned 
previously, are drawn through the average of the disk tests at 
nominal stresses of 25,000 and 29,000 psi. The data from tests 
at other stresses lower than 29,000 psi were consistent with these 
curves if recognition is given to the relative strength of the par- 
ticular disk. The data at stresses higher than 20,000 psi are in- 
fluenced by the initiation of local necking and are therefore not 


used in the analysis. 
4 Duscussion or Test AND THEORETICAL RESULTS 


General. In evaluating the two methods of theoretical calcula- 
tion (based on the Mises and maximum-shear criteria as discussed 
in Section 2) it was felt that the following comparisons between 
test and theoretical results would be of interest: 

1 Comparison of test and theoretical strain distributions along 
radius of disk at a given time (180 hr). 

2 Comparison of test and theoretical expansions of both OD 
and ID of the disk as a function of time. 

Comparison of Theoretical and Test Strain Distributions Along 
Radius at 180 Hr. To calculate the theoretical distributions of 
strains in the disk at 180 hr the average tension-creep-test data 
were used as follows: 

From Table 1 the average strain at the end of 180 hr at a mean 
true stress & of 25,150 psi during the period (25,000 start, 25,300 
end) was 0.0109 in/in; at a mean stress & of 29,450, the strain 
was 0.029. Using these values an average n equal to 6.2 during 
the first 180-hr period was obtained. 

To find the strains, the stress o,; at the ID was first found by 
interpolation from Fig. 2 (Mises) and Fig. 4 (maximum shear) 
taking n = 6.2. However, because of the expansion of the disk 
after 180 hr, these stresses are increased slightly since r, and r; 
become larger while the disk cross section becomes slightly 
trapezoidal because €, is greater at the ID. These factors cause 
an increase in average tangential stress o,; of about 3'/2 per cent 
at the end of 180 hr. To take this effect into account the stresses 
0,; previously found for the two criteria were increased by half 
this percentage to obtain average values during the 180-hr 
period. These values were then used in the power-function rela- 
tion between strain and stress taking n = 6.2 and using the data 
of Table 1 to find the theoretical strain €,; at the ID at the end of 
the 180-hr period. Knowing ¢,;, the values of €,, €,, €, at various 
radii r may be found using Fig. 3. The theoretical values of tan- 
gential and axial strains thus found are shown in Fig. 9 b. the 
dashed curves (maximum shear) and by the dot-dash curves 
( Mises criterion). 

For comparison, the tangential, radial, and axial strains obtained 
experimentally along a radius at 180 hr are indicated by the points 
of Fig. 9 for three different disks, the scatter band of these re- 
sults being shown by the shaded areas. 

In general, it may be seen that the theoretical strains calculated 
in this manner by using the maximum-shear theory agree better 
with average test results than those obtained using the Mises 
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criterion. The average axial strain is appreciably larger than that 
obtained on the basis of the maximum-shear theory; this is no 
doubt due to anisotropy of the material and corresponds to the 
greater contraction in the thickness direction observed in the 
tensile-creep tests (section 3). 

Comparison of Test and Theoretical Expansions of the Disk OD 
and ID as Functions of Time. The theoretical expansion of the 
OD and ID of the disk at 180 hr may be obtained using the 
tangential strains calculated previously. To obtain the disk ex- 
pansion beyond 180 hr, tangential strain rates at both OD and ID 
were first calculated at 180, 300, 600, and 900 hr taking into ac- 
count the slight increase in average tangential stress due to in- 
creases in r, and r; and distortion of the disk cross section; the 
results are then integrated numerically to give the increase in 
tangential strain at the OD and ID of the disk after 180 hr. 
These values are then added to the strains determined previously 
for 180 hr. 

To get the strain rates at various times, the log-log plot of 
strain rate € versus true stress ¢ based on average tension-creep 
data, Fig. 12, is used. From this figure, values of n = 7.8 at 180 
hr and xn = 7.2 at 300 hr were obtained; using Figs. 2 and 4, stress 
values corresponding to these n-values could be found. At 600 
and 900 hr to obtain stresses, the value of n was taken as 7.2. 
These stresses were then corrected slightly as before, for the 
expansion of the disk diameter and the distortion of the cross 
section; in this way tangential strain rates €,, at ¢ = 180, 300, 
600, and 900 hr could be found for the OD. By integration the 
strains and diametral expansion at the OD may be found. The 
results are shown in Fig. 7 by the dashed curve (maximum shear) 
and by the dot-dash curve (Mises) which represent diametral ex- 
pansion at the OD versus time. 
of the spin-test results (three disks) is indicated by the shaded 


For comparison, the scatter band 


area, 

The strain rates at the ID were calculated in a similar manner 
at 180 and at 300 hr and by integration the tangential strain and 
expansion of the ID could be found up to about 400 hr. The re- 
sults are shown by the theoretical curves in Fig. 8 for the Mises 
and maximum-shear criteria; again the scatter of the experi- 
mental results on three disks is indicated by the shaded area. 
In this case the theoretical curves are not extended beyond about 
400 hr since no creep-test data were available at true stresses near 
the o,, values (around 30,000 psi) for times beyond about 300 hr. 

Again it may be seen that use of the Mises criterion gives too 
low values of diametral creep deformations when compared with 
average test results while the agreement obtained using the 
maximum-shear theory is much better. 

Discussion of Results. A possible explanation for these results 
lies in the following: As indicated in Section 3, owing to anisot- 
ropy, a lower creep strength for this material may be expected 
in the axial (thickness) direction as compared with the tangential. 
Thus the average creep strength for specimens cut out from all 
directions including the axial would be lower than that obtained 
from creep tests made on tangential specimens only as is done 
here. If this lower value of average creep strength were then 
used in the theoretical calculations, better agreement between 
test results and those calculated usin the Mises criterion (which 
is based on an isotropic material) would be expected. Since the 
equivalent stress based cn maximum shear in this case is higher 
than that based on the Mises criterion, use of the former ap- 
parently tends to compensate in some degree at least for using too 
high values of average creep strength in the theoretical calcula- 
tions, all directions in the disk being considered. 

Another qualitative way of looking at this is as follows: Use of 
the maximum-shear theory gives greater weight to the effects of 
tangential stresses (i.e., the maximum stresses in the disk) and 
less weight to the effects of radial stresses (compare Equations 
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[3] and [5]). Since these maximum stresses also act in the direc- 
tion of the tangential specimens used for evaluating creep 
strength, for a material with this type of anisotropy it seems 
reasonable that these tangential stresses should be given greater 
weight as is the case where the maximum-shear theory is used. 

A more satisfactory way of evaluating the test results would be 
to apply available theoretical methods which take into account 
effects of anisotropy. Studies of such methods, which also re- 
quire the obtaining of additional creep-test data, are now in 
progress and will be reported on later. 


5 CONCLUSIONS 


Based on the results of spin tests on disks of 12 per cent chrome 
steel at 1000 F the following conclusions appear justified: 

1 If long-time creep tests are made on tension specimens cut 
out tangentially from disks forged in the usual manner, and if the 
average results of these creep tests are used to calculate creep 
strains and strain rates in rotating disks at 1000 F using the 
Mises criterion (which assumes an isotropic material) the theo- 
retically calculated creep deformations may be too low. 

2 One reason for the lack of agreement between test results 
and theoretical values obtained here using the Mises criterion is 
believed to lie in the anisotropy of the material used; however, 
anisotropy is probably characteristic of material as used in forged 
turbine disks. 

3 For the material tested and the stresses used, closer agree- 
ment is obtained between the average results of the spin tests at 
1000 F and the creep deformations calculated theoretically by 
applying the maximum-shear theory. 

4 Distributions of stress using the maximum-shear and Mises 
criteria do not differ greatly, Figs. 2 and 4. However, because of 
the high value of n in the stress-creep rate relation (around 6 to 8 
for the stresses used) small differences in stress can mean large 
differences in creep rates. 

5 At much lower stresses than those used in this investigation 
where the exponent n may be less, the difference between the 
theoretical creep distortions obtained using the Mises and 
maximum-shear criteria may be expected to be less. Hence, if 
spin tests are made at lower stresses than those used in this in- 
vestigation, agreement between the theoretical results obtained 
using the Mises criterion and the test results may be better than 
that obtained here. 

6 If tensile-creep tests had been made on specimens cut from 
the various disks in all directions (including the axial) and if the 
average of these tests were used as a basis, better agreement be- 
tween the results of spin tests and those based on the Mises cri- 
terion would be expected. 

7 One possible reason for the better results obtained by using 
the maximum-shear theory is that the latter gives greater weight 
to the effects of tangential stress which acts in the direction of the 
tangential specimens used for evaluating creep strength. 

8 Further tests on other high-temperature materials will be 
necessary before general conclusions can be drawn. However, in 
the absence of such data it is suggested that a conservative 
course in design is to apply the maximum-shear theory since this 
will give larger creep deformations (i.e., values on the safe side), 
as compared with those obtained using the Mises criterion. 
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Appendix 


CALCULATION OF STRESS AND STRAIN DisTRIBUTIONS IN ROTATING 
Disk Usine Mises CRrITERION* 


We assume a constant-thickness disk of outside radius r, and 
inside radius r, and that the Mises criterion governs. Taking 
zx = a,/o,, the plastic rates, Equations [3], can be written as 


follows 


é, = w/r = ko,*[f(O)[1 — 2 + 22)"- V7 (1 . 


é, dw/dr = kof (f(t) [1 — 7 + 22] YD/2 (:- 


é, = —(€ + €) 

Dividing the second of these equations by the first, we have 
dw r 
w dr 

Integrating between r, and r 


” o(r) 
- tf 


ri r 


dr 


w = w, exp 


where w, = radial deformation rate at the ID 
Dividing Equation [8] by r and using the first of Equations [6] 
"i r (r) 
- exp $ dr 
r 


j/r=€ = “ 
re 


2 


= ko, [l1— 2x + 22]@-D/2 


Solving for ¢, 


6 This follows a similar method to that suggested by Bailey (6). 
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K(f) " 


where 


Vir) 


r(l—z 


Integrating the equilibrium Equation [4] between the limits r,; 
we obtain (since no radial stress acts at the OD or ID) 


an 


Substituting the value of o, given by Equation [9 


solve for 
] n 


which then can be used in Equation [9] to give the following 
equation 


and ro 


yo 


go, (r,3 - 


3g 


i 


| in this, we can 


Wi 


Lis 


f(t)] 


V5 )O; ave 


“lf W(r)dr ur 


average tangential stress over the cross section 


(7: 


to r we obtain 


[11] 


In this ¢ 


yo" 
3a 


. [12] 


Or avg = 
Integrating Equation [4] from r,; 


all - 7,3) {1: 


o (r3 - 


> 


, r 
,= o,dr— 
r Sri 


3gr 


To find a first approximation for z, i.e. (2); for use in Equations 
[7], [10], [11] we assume o, = @; avg in Equation [13] and 
integrate. This gives a first approximation for ¢,, i.e. (¢,),. Then 


— (GMS) 


Using this value of (x), for z in Equation [7] we can determine 
@(r) as a function of r; from this by numerical integration we 
find 


and 


3. 3 
r; 


(o,) Tr r 


Or avg r rT. - -re 


TABLE 2 


Example calculation of first approximation for gt, i.e. 


(6) 


f *Pame[ fits ine 


0 0.963 
—-0O 0.987 
—-0 0.984 
—0 0.960 
—-0 0.9% 
—-0 0.¢ 
—0. 0. 86 
—0 0 
-0 0 
—-0 0.7 
—0 0 


(3) (4) 
o(r 

r 
400 
254 
ll4 
060 
0434 
O411 
0471 
05€2 
06€0 
0760 
0833 


o(r) 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


—0 
—-0 
-0 
—-0 
—-O0 
—-0 
—@ 

4-0 
-—0 
—0 
—0. 


500 
382 
227 
150 
139 
144 
188 
253 
330 
418 
500 


—0 
—0 
—0 
-0 
—0 
—-0 
—0 
—0O. 
—0 
—-0 
—0 


146 
308 
378 
398 
383 
344 
283 
204 
106 


083 
171 


0:92 


eo ee 
-WOWWho tote to 
THSSezer 
HON AOww 


e Methods of calculating values for each column are indicated as follows: 
Data: N = 15,000 rpm, y = 0.283 lb per cu in., ro 6in., ri = 1.25 in., 
Col. (2) (z): caleulated from Equation fa). 

Col, (3) oy) calculated from Equation [7] using z = (z):. 

Col, (5) ntegration may be carried out numerically. 

Col. (6) Obtained from Col. 5 usin tables of functions of e~z. 

Col. (7) Calculated from Equation 
Col. (8) Values obtained by numerical integration from Col. 

Col. (9) Calculated by using Col. 7 in Equation [11]. 

Col. (10) Calculated using Col. 8 since ot = 31,000 y¥(r) (see {11}. 
Col. (12) Equals Col. (10) minus Col. (11) (see Equation [13 ]}) 

Col. (13) Equals Col. (12) divided by Col. (9). 
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10) using Col. 6 and first approx. (zx); given by Col, 2 
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oF 


ri 


exp 


Using this in Equation [10] together with (x), for z, the first 
approximation for ¥(r) is found. Using this in Equation [11] the 
first approximation for ¢@,, i.e. (o,); is obtained. Using (¢,), for 
o, in Equation [13] the second approximation for ¢,, i.e. (¢,)2 is 
found by numerical integration and from this the second ap- 
proximation of z, i.e. (x)2 is found. The whole process is then 
repeated using (z)2 instead of (xc), to find a second approximation 
of o,, i.e. (@,)2. In general, it is found that the process converges 
very rapidly and it is seldom necessary to obtain more than two 
approximations for ¢,. 

An example calculation for (¢,); and (¢,). for the disk tested, 
using n = 6 is shown in Table 2 where the steps in calculation are 
indicated. 

A check was also made using increments Ar equal to half those 
in Table 2. This showed no appreciable difference in final re- 
sults. 

To calculate strain-rate distributions, values of o, and x as ob- 
tained by this method for various r-values (Table 2) may be used 
in Equations [6]. 
radius r (steady-state condition), Equations [6] may be inte- 
grated, giving the following strains 

t 
r 
) fi t)dt 
0 


2 i 
t > . [14a 
) f(ijdt 
0 


If we take o,; and €,; to be the stress and plastic strain at the 
ID of the disk at time ¢, then 


Since the stress is taken constant in time at any 


€, = ko,\(1—z +22) %-D/ a(1. 


l 
2 


f(t)dt 


= ko, 
0 


and we can write for the strains at any radius r and time ¢ 
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5) | 


to = 
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€, = €,(0,/0,,)"A—2z + 22) —-Y) 
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’ -_ 9 
€, = €,;(0,/0,)"(1—2z + x2)™ va(2—} 
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>> is, + €,) 
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6. 


(Mises criterion) 


(11) 


(12) 
tn 


0 
4450 


(or): for n 


(8) (9) (10) 


1 2 
(ot): Sl (oarar — 
rJri 3¢ 


29800 0 
30600 5020 
30500 11400 
29800 15100 
28800 17500 
27900 19000 
26900 20190 
25800 20800 
24600 21200 
23100 21400 
21450 21500 


r 
0 

570 
1830 
3310 
5040 


Sww 


tomo 


mW Whee 
xe 
i=) 


21500 


oy 


‘g = 1810, ot ave = 27 150 psi 


2, taking n = 6. 
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A similar method can be used for disks of variable thickness 
(Reference 6). 


CALCULATION OF STRESS AND STRAIN DISTRIBUTIONS IN ROTATING 
Disk Ustnae MaximumM-SHEAR THEORY 

In this case we proceed in the same way as was done for the 

Mises criterion, except that we start with Equations [5] using 

z= a,/o,. The term @(r) is again given by Equation [7] while 


¥(r) becomes 
1 
“ (r)dr ™ 
exp — 
ri r 


Hr) = | — 


r(1—z 2) 


The procedure for determining stress distribution as a function 


of r is the same as that given in the first section of the Appendix, 
except that Equation [16] instead of Equation [10] is used for the 
term ¥(r); the numerical procedure illustrated in Table 2 also 
may be used in this case except that column 7 is based on Equa- 
tion [16] rather than on Equation [10]. 

With the stress distribution thus found the strain distributions 
are obtained in the same way as was done in the previous example 
starting with Equations [5] 


This yields the following equations 


um eu(%) (1-5) 
«(Z)¢ 





The Elasticity of an Isotropic Aggregate 
of Anisotropic Cubic Crystals 


By A. V. HERSHEY,' DAHLGREN, VA. 


The elasticity of a polycrystalline aggregate is expressed 
in terms of the elasticity of the individual grains. The 
stress within each grain is estimated with the aid of an 
analysis of the stress distribution around a spherical cavity 
in an isotropic medium. The strain within each grain is 
expressed in terms of the average stress in the polycrystal 
as a whole by pseudoelastic constants which are related to 
the actual elastic constants. The calculated elasticities 
for physical tests and for x-ray diffraction measurements 
in polycrystals are given for a few cubic metals. 


INTRODUCTION 

HE elasticity of a polycrystalline aggregate can be caleu- 

lated from the elasticity of the monocrystalline grains. 

Such calculations have been published previously on the 
basis of various assumptions. Thus Voigt (1)? calculated the 
average stress on the assumption that the local strain is every- 
where uniform, while Reuss (2) calculated the average strain on 
the assumption that the local stress is everywhere uniform. Laur- 
ent and Eudier (4) calculated the average stress on the assump- 
tion that the principal axes of stress and strain are uniform. Hu- 
ber and Schmid (5) found the average values of the elastic 
moduli over all orientations of a free single crystal. Bruggeman 
(6) introduced boundary conditions at the grain boundaries, but 
assumed that the grains are lamellar with various distributions of 
orientation. The present paper is an analysis of the stress dis- 
tribution in a polycrystalline cubic metal with isometric and ran- 
domly oriented crystalline grains. 

Comparisons (7 to 9) between the experimental data and the 
calculated averages show that the data agree more closely with 
Bruggeman’s theory than with the other previous theories. The 
present theory gives values of the elastic moduli which agree with 
Bruggeman’s values to within a fraction of a per cent, but are 
derived from simpler formulas. 

The crystal grains of a polycrystalline aggregate are irregular 
polyhedra which vary in size and orientation from grain to grain. 
The environment of each grain contains many other grains, which 
must remain in contact over their intergranular boundaries as 
they deform. The interactions between adjacent grains create 
local deformations in each grain. The local strain is derived from 
the local displacement by a differential operation which is linear 
in the limiting case of elastic deformations and the local stress at 
equilibrium is a solution of a linear differential equation. If all 
of the grains with the same orientations were superimposed and 
their strain patterns were added together, the composite strain 

1U. 8. Naval Proving Ground. 

2 N imbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 29—-December 4, 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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received after the closing date will be returned. 

Note: Statements and opinions advanced in this paper are to be 
understood as individual expressions of the author and not those of 
the Society or of the Navy Department. Manuscript received by 
ASME Applied Mechanics Division, January 13, 1953. Paper No. 
53—A-62. 


would still be obtained from the composite displacement by the 
same differential operation as the local strain, and the composite 
stress would still be a solution of the same differential equation as 
the local stress. The average strain pattern in the neighborhood 
of a grain is therefore the same as the strain pattern for a proto- 
type grain immersed in a continuous medium with average proper- 
ties which vary gradually from those of the crystal lattice at the 
center of the grain to those of the polycrystalline aggregate at a 
great distance from the grain. If the actual grains have a com- 
pletely random distribution of properties, the prototype grain is 
essentially spherical and the polycrystalline aggregate is isotropic. 

It is assumed that the average elastic moduli of the polycrystal 
are the same for a divergent average strain as they are for a 
homogeneous average strain. The diffuse boundary of the proto- 
type grain then can be replaced by a sharp boundary. The elas- 
ticity of a spherical boundary and the elasticity of « single crystal 
are used in finding the elasticity of the prototype grain. 


Evasticiry OF A SPHERICAL BOUNDARY IN AN IsoTropiIc MEDIUM 


The displacement Ar of a point in the medium at equilibrium is 
a solution of the three-dimensional equation (10) 
(\ + w)VV-Ar + wV-VAr = 0 
in which X, uw are elastic constants. The stress tensor is given by 
the expression (10) 

AV-Arl + w(VAr + V’Ar) 2 
in which J is the identity tensor and Y’ Ar is the transposed form 
of VAr. Letr, 8, g be spherical polar co-ordinates and let P1, B2, 
P;, be vectors of unit length in the directions of increasing r, 8, ¢. 
In the special case of a spherical boundary of radius a whose in- 
terior is subject to a uniaxial strain along the polar axis, the dis- 
placement Ar per unit strain is given by the equation 


3 _(X + w) (* Hi 
2 (3A + Su) \r? “a 
A [2 (3X + 5p) a? 


Ar = 


9 (X+un) a! 
3 BA + Su) a Jaco ae, 


2 (3X + Sy) r? 


5 2 r ) at 
| = ~ 4-3 At =... “le sin 8 cos 8 PB». . [3] 


(3X + Su) r? |” (3X + 8p) r' 


The components of stress O11, O22, O33, O12, when referred to the 
unit vectors BP), B2, 3, are given by the equations 
(A +4) a 
“pedi a A 
(3X + 8u) 75 


(A +m) a’ 
8 3x + Su) =| cos? 8. . [4] 


1 1 (11X + 6) a? 
il ey 


Qu" 2 (3\ + 8p) Pr 
7 [3 (9X + 10) a® 


2 (3A + 8u) r 
2\ + 7p) a 


( 9 (A+) a 
2 (3X + Su) v3 


2 (3A + Su) r5 

E m 21 (A +4) a’ 
2 (3A + Su) r? 2 (3A + Sy) r§ 

1(2\—3u)a* | 3 (A+) a’ 


7s = 2 (3\ + Bu) r? | 2 (3A + Sy) rt 


] cos? @. . [5] 
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1§__w_o@_ 15 A+w ag ig 
+ [; (3A + Sy) r3 2 (3\ + 8p) 4 cos? 6. . [6] 


1 5 (3A + 2p) a? (A +p) a®]. 
.% onl Been Biden / a @ 
ou O12 E (3) 4+ 8p) 9 12 (3\ 4 8p) sin @ cos 


At the boundary r = a the equations are reduced to 


1 1 (A + 6p) 1 (9X + 14y) 
u . ——— cos? 6 


oy = - —- (r =a).. [8] 
2u 2 (3A + 8p) 2 (3A + Su) 


1 1(9X + l4p) . 
_ = - a @ 6 >08 6 
Qu O12 + 2 (3A + 8y) in 6 co 


(r =a) [9] 


The force on the interior of the boundary is equivalent to a 
uniform pressure which is equal to 


(A + 6u) 
(3X + 8u) ” 


in combination with a uniaxia! compression stress along the polar 
axis which is equal to 


(OX + 14p) 
(3A + 8y) 


Combinations of similar solutions with the polar axes in dif- 
ferent directions give any combination of uniform strains in the 
interior of the boundary. 


Eastic CONSTANTS OF A SINGLE CRYSTAL 


Let the stress and strain be referred to a set of orthogonal axes 
with Cartesian co-ordinates z, y, z. The components of the three- 
dimensional strain tensor are given by the matrix 


C11 C12 C13 
€21 C22 €23 
jC C32 €33,| 


and the components of the three-dimensions’ stress tensor are 
given by the matrix 


1 


' 
|}F11 Fiz Fis 
On F22 F23 
On F322 O33) 


Since these three-dimensional tensors are symmetric, it is con- 
venient to represent them by six-dimensiona] vectors (11). Let 
the engineering components of strain be the covariant compo- 
nents 


(€11, €22, €33, 2€23, 2€s1, 2e12) 


of a six-dimensional strain vector IT, and Jet the conventional 
components of stress be the contravariant components 


(O11, O22, O33, O23, On, Fr12) 


of a six-dimensional stress vector 2. The matrix of elastic con- 
stants is then symmetric, as required by the first law of thermo- 
dynamics. The conventional elastic constants ¢i, Ci2, Cu of a 
cubic lattice are elements of the contravariant matrix of a six- 
dimensional tensor C; and the conventional elastic constants s,;, 
812, 84 are elements of the covariant matrix of the six-dimensional 
tensor C;~! when the matrices are referred to crystallographic 
axes. The matrix of elastic constants is illustrated by Table 1. 
The stress-strain relationship for the crystal is given by the equa- 
tion 


= = C;Il [12] 


TABLE 1 CONTRAVARIANT ELASTIC CONSTANTS OF A CUBIC 
LATTICE 


If II or 2 represent the strain or stress when referred to fixed 
axes, then there is a six-dimensional rotation tensor H such that 
H-Il or H-> gives the components of strain or stress when re- 
ferred to rotated axes. For example, the contravariant compo- 
nents of the tensor H for a rotation through the angle x about the 
z-axis are given by Table 2. The rotation tensor H for three suc- 
cessive rotations through the Eulerian angles x, 6, ¢, about the 
stationary z, y, z-axes is the product H,-HeH, of three tensors, 
with one tensor for each rotation. The tensor H is orthogonal. 


TABLE 2 CONTRAVARIANT COMPONENTS OF THE ROTATION 
TENSOR H FOR ROTATION THROUGH x ABOUT ¢z AXIS 


2on 2ei: 


cos? x sin? x 0 ‘/gain 2y 
sin’ x 0 2 sin 2x 

0 0 0 

0 1/gein x 0 

0 ! 1/, cos x 0 
V/esin 2x +'/: sin 2x 0 0 2 cos 2y 


TABLE 3 COMPARISON BETWEEN CONTRAVARIANT COM- 
PONENTS OF VARIOUS TENSORS OF SAME CLASS 


— -- Components 


Tensor 
Cc Cu ez Cu 
+ 24 4 “ 

(A + 6y) 1 (9A + l4y 

(3X + By) * (3. + 8)" ~ 2 (8A + 8) 
na 0 0 
/eji Ven Wei 
J? j2 0 
ory 0 '/aja 
au 12 '/a Bu 


gu fis /s bus 


(A + 2p) 


—10 


oe 


Exastic Mopu.t or A PoLycrysTALLINE Mepium 


The elasticity of an isotropic medium may be represented by a 
six-dimensional tensor C, and the elasticity of a spherical bound- 
ary in the medium may be represented by a six-dimensional ten- 
sor C,. The tensors C, C,, C; all belong to the same class of sym- 
metry in so far as the same components in each tensor are equal 
to each other or are equal to zero. The sum, product, or recipro- 
cals of any tensors in this class are also tensors in the same class 
The components of the tensors are compared in Table 3. 

If IT is the six-dimensional vector strain at a distance from the 
grain boundary, then the six-dimensional stress > at a distance 
is given by the product C-II. If IT, is the six-dimensional vector 
strain in the interior of the grain, then that part of the strain 
which contributes to the distortion of the boundary is II, — II 
The six-dimensional stress 2; on the interior of the boundary is 
given by the equation 


2; = = + C,(I, — I) [13] 


The stress 2; in the interior is also given by the equation 

- 

m5 
Elimination of II and II; from Equations [13] and [14], and 
definition of a new tensor J by the equation 


J (2— CoG.) - 7 C.-C") 115) 





in which J is the six-dimensional identity tensor, leads to the 
equation 


2; = F2Z...... 


. [16] 


The tensor J can be expressed as the sum of three tensors J;, J, 
J; whose components are given in Table 3 when the matrices of 
the tensors are referred to crystallographic axes. The average J 


of the tensor J is given by the equation 


[17 | 


l 
a* Rar? SS JS’ HSH sin 0 deg dO dx 
Sr? 


The components of the averages Ji, J2, J; of the tensors Ji, Jo, J: 
are given in Table 3. The average internal stress is equal to the 
external stress if J is equal to J, or if the quantities ji, je, J; satisfy 
the equations 

j Zz 3je a Js = 

2j2 + js = 
The first of these equations leads to the equation 
3A + 2u = ¢1 + 2c2 = 3K 

which may be used to simplify the evaluation of J. The quan- 
tities j1, je, J; are then expressed by the equations 


1 [(9A = l4u)u + 2(9 + 19u)(en — er2)] 
3 [(9X + l4y)u + (3A + Byu)(en — e12)] 


.. [21] 


At+hths= 


1 (9X + 14y)u — 3 (9A + 14p)(eu - 


3 ((9\ + M4y)m + (3A + Buen — cn)] 


C12) | 


a= 


: 15(A + Qu )eu 
3 (ON + 14y)m + 203A + By)eu 

Elimination of X from Equations [19], [20], [22], [23] leads to 
the quartic equation 

64m! + 16(4en + Sere) 

+ [3(¢n + 2ew)(5en + 4er2) - 
20¢12) (C1 + Qer2 ese 


Ci2)Cau = 0 


8(7en — 4er2)eu lu? 
(29¢, - 


.. [24] 


2(- ‘ Up 
Ben + 2ei2)*(en 


Application of the rule of Descartes shows that this equation 
has only one positive real root as long as cy, is greater than ce). 
Negative real roots would be physically unstable. 

The tensor of elasticity of the polyerystal is given by the 
equation 


1 
C= ar SS S ACO 'S-H sin Ody d0dx 


[25] 


Pseudoelastie constants &,, £2, & are defined by the equations 


Eu, = $1 


fi: = se + jo(su- 


~ 2)2(811 - 


bu = Ji8aa 


and are the covariant components of the tensor C;-'-J. The 
Young’s modulus of the polycrystal is given by the equation 
E =- =e 
3éu + QE + bu 
and the shear modulus is given bythe equation 
5 
w= aieewemripeennss 
4(€u — 2) + 3&u 


These are just the equations of Reuss (2) when J = I. 
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Exastic Mopuut From Direcr MEASUREMENTS 

It is not easy to obtain data (12) on truly isotropic specimens 
of polyerystalline metals. The grains in specimens which are 
prepared by casting or by electrolysis have preferred orientations 
(13). The specimens can be recrystallized by heating after cold 
work, but the preferred orientations tend to persist. Diffusion of 
the orientations during recrystallization is increased by alloying 
elements which give solution-hardening effects. Nearly random 
orientations are produced in steel by the polymorphic transforma- 
tion from austenite to ferrite. 

A necessary although not sufficient indication of the isotropy of 
a specimen is provided by the accuracy with which a set of three 
or more independent elastic moduli satisfies the relationships for 
isotropic media. Direct measurements of the bulk modulus would 
not be influenced by the presence of preferred orientations, and 
measurements of the Young’s modulus and the shear modulus 
should be consistent with the bulk modulus. 

The published data have been determined by both static meas- 
urements of stress-strain relations and dynamic measurements of 
vibration frequencies. Vibrations and supersonic pulses have been 
adiabatic in free bars, but flexural vibrations have been isothermal 
in bars which were so heavily weighted that the vibrations could 
be counted by eye. The adiabatic data can be reduced to iso- 
thermal values with the aid of the second law of thermodynamics 
(1). The adiabatic compressibility differs from the isothermal 
compressibility by the amount —(a@?V7')/C, in which @ is the 
cubical coefficient of thermal expansion, V is the molal volume, 7 
is the absolute temperature, and C, is the molal heat capacity at 
constant pressure. The differences between the adiabatic and 
isothermal values of ci, ¢i2, k are equal, while the differences for 
Cu, # are zero. Tie most nearly consistent values of the shear 
modulus uw and the bulk modulus x, which have been calculated 
from the elastic data (27 to 41) for single crystals, are compared 
with the most nearly consistent measurements (14 to 26) on poly- 
crystalline aggregates in Fig. 1. Solid symbols designate the 
values for the polycrystal where J ~ J, and hollow symbols 
designate the values for crystals without constraint, for which 
J I. The possible range of uw from '/2(¢1 — iz) to cu is indi- 


cated by arrows. The unit of stress is 10'* (dyne)/(cem)?. 


Exvastic Mopuut From X-Ray Dirrraction 

The x-ray diffraction camera selects a set of coplanar atomic 
planes in the polycrystalline aggregate and determines the average 
change in the interplanar spacing which is produced by an ex- 
ternal stress. Let the normals of the diffracting planes be ori 
ented at the polar angles a, 8 with respect to the crystallographic 
axes, and let the normals be oriented at the polar angles 0, g with 
respect to fixed axes. The crystallographic axes are brought into 
a position for diffraction if they are rotated successively through 
the angles — 8, —a, x, 0, ¢ about the fixed z, y, z, y, z-axes. The 
rotation tensor H for these rotations is given by the equation 


H = H_»H—~H,yHeH, 
The average internal strain Il, of the diffracting grains, when re- 
ferred to crystallographic axes, is given by the equation 

- 1 2s 

I, = — f[ C,-'J -H-2=dx 

ar jy 
The x-ray diffraction measurements give that component of the 
average internal strain H.*Hg'Il; which is in the polar axis. 
If the penetration of the x rays into the specimen is deep, the 


measured strain é for unit uniaxial stress in the z-axis is given by 
the equation 
€= fo + (fu — E12) cos? 8 

+ (fu — &2 — 


& JTC — 3 cos? 6) 
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Fic. 1 Comparison Between EXPERIMENTAL AND THEORETICAL 


VaLues or IsoTHERMAL Exastic Movutt ror PoLycrysTaLLine 


AGGREGATES 


Experimental curves based on measurements of polycrystals by: a 

(19); e, Késter (20); f, Moore (21); g, Schneider and Burton (22); &, Ly 

Luff (26). Theoretica) values based on measurements of single crystals by 

and Schmid (30); O-—-@ [Ag, Au] Rohl (31); [W] Wright (32); 

Honda and Shirakawa (36, 37); A—a& [Al, Cu] Lazarus (38); 
w from '/2[ceu 


in which [ is given by the equation 


I = (sin? @ cos? a@ + sin‘ @ sin? B cos? B)...... [34 
These are just the equations of Moller and Martin (46) when J 
I 

In most of the experimental work* the x rays have not pene- 
trated appreciably beyond the surface layer of grains. The 
boundary stress at the free surface of the specimen is zero. The 
strain at the free surface may be estimated if the tensor J is re- 
placed by the tensor H-%-H~"-J, in which the tensor ¥ differs from 
the tensor J by having those three diagonal elements missing 
which would preserve a boundary stress. The effect of the 
boundary surface is illustrated in Fig. 2 by a comparison be- 
tween curve (a), which illustrates the limiting case of deep pene- 
tration, curve (b) which illustrates the limiting case of superficial 
penetration, and curve (c) which illustrates the case of crystals 
without constraint. These curves should straddle the experi- 
mental data. Included in the figure are some measured values of 
é. Early measurements (42 to 45) of strain by x rays tended to 
show that the measured elasticity is isotropic, but recent measure- 
ments (46 to 51) show definite evidence of anisotropy. 

Smith and Wood (47 to 50) have published x-ray measurements 
of the elastic constants of diffracting planes in copper and iron. 
The incident x-ray beam was perpendicular to the axis of stress 
The diffracted x-ray beam was coplanar with the axis of 
stress and the normal of the surface of the specimen. The 
theoretical values of € which would be observed in the interior 
of a polycrystal, or in crystals without constraint, are compared 
in Table 4 with the experimental va'ues. 

Kemmnitz (51) has published x-ray measurements with cobalt 
Ka, and chromium Ka, radiation in iron. Average values were 
given for the difference between the displacements of the two 


* For example, the grains in a metal with No. 7 ASTM grain size 
are approximately 0.04 mm diam, while the mean penetration of Co 
Ka-radiation in iron is 0.02 mm. 


Bridgman (15, 16); »b, 
Lyse and Godfrey 


[Pb] Swift and Tyndall (33); 
[Ni] Bozorth, Mason 


Dannecker 18); d, Kikuta 
Mudge and 


Koch and 
24) or Cleaves and Hiegel (25 
Au, Pb| Goens and Weerts (24 Fe} Goens 
[W) Bridgman (34); [Fe] Kimura (35 Ni 
and Walker (39-41). The arrows indicate the range of 


Griineisen (17); 
23); «, Abram 
Al} Goens (28); [Cu 
McSkimin 


Ciz}] to Cus. 














cos*6 


AND THEORETICAL 
103 PLANES IN 


Fic. 2 Comparntson BETWEEN EXPERIMENTAL 
Vavtves or Lattice Strain Per Unit Stress ror 
IRON OR STEEL 


Measurements by () Moller, Barbers, and Strunk (46); © Bennett and 
Vacher (45); O Smith and Wood (48 to 50). Curves for a, deep penetration 
of x rays; 6, superficial penetration of x rays; c, free crystals.) 


diffracted rays which make maximum and minimum angles with 
the axis of stress. This method is equivalent to a direct compari- 
X-ray 
stresses have been computed, from the reported data, on the 
The theoretical 


son between the slopes of lines which connect é with cos? 6 


assumption that the crystal lattice is isotropic. 
values for these stresses, which would be observed in the interior 


TABLE 4 COMPARISON BETWEEN X-RAY MEASUREMENTS 
OF ELASTIC CONSTANTS, REPORTED BY SMITH AND WOOD 
AND THEORETICAL ELASTIC CONSTANTS CALCULATED FROM 
DATA FOR SINGLE CRYSTALS 
— 5 — 
Observed 
0.183 + 0.007 
- 447 


Diffracting 
planes cos? @ 
103 in Fe... .0.02 
004 in Cu... 2 
331 in Cu 


crystal 
0 203 
0.578 
182 


l ree 


Polycrystal 
0.145 


0.342 
0 181 


9.175 





240 


TABLE 5 COMPARISON BETWEEN »} 
CULATED BY KEMMNITZ ON THE ASSU! 
LATTICE IS ISOTROPIC, AND THEORETI 
STRESSES, BASED ON ACTUAL ELAS 
LATTICE 
-——-X-ray stress per unit external stress-——~ 
Diffracting planes Polycrystal Observed Free crystal 


103 1.13 29 + 0.10 1.41 
112 0.94 86 + 0.12 0.96 


of a polycrystal, and in crystals without constraint, are compared 
in Table 5 with the experimental values. 


CONCLUSION 


Although the experimental data confirm the magnitude of the 
elasticity which is predicted by the theoretical analysis, they are 
not comprehensive enough to provide a quantitative check of the 


analysis. A determination of all twenty-one of the elastic con- 
stants of each polycrystalline specimen would make possible a 
correction for the effects of preferred orientation. 
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The Plasticity of an Isotropic Aggregate of 
Anisotropic Face-Centered Cubic Crystals 


By A. V. HERSHEY,’ DAHLGREN, VA. 


The plasticity of a polycrystalline aggregate is expressed 
in terms of the plasticity of the individual grains. It is 
assumed that the local deviation of stress from the average 
stress is proportional to the local deviation of strain from 
the average strain, and it is assumed that plastic flow be- 
gins when there is an average of three active slip systems 
per grain. The plastic states of a grain are mapped as a 
function of the orientation of the crystallographic axes. 
A coexistence of different states of strain with different 
rotations of the axes at the same state of stress can be cor- 
related with the occurrence of deformation bands. A 
range of orientations is illustrated in which the axes tend 
to congregate quickly and then move more slowly toward 
a stable end orientation. The residual strain which would 
be observed by x-ray diffraction after the release of stress 
is calculated for three sets of diffracting planes. The appli- 
cations of the theory have so far been limited to face- 
centered cubic polycrystals with intrinsic elastic isotropy. 


INTRODUCTION 
HE possible slip planes and slip directions in face-centered 
cubic single crystals have been identified by Taylor, Elo™, 
and Farren (1 to4).? Slipin the crystals was confined to the 


primary slip system which had the largest resolved shear stress, 


until a secondary slip system was brought into an orientation 
where both slip systems had the same resolved shear stress. The 
slip then continued in both slip systems if the metal was pure. 
The critical slip stress in aluminum has been determined by a 
number of investigators (5 to 15). The critical slip stress is usually 
independent (5 to 10) of orientation of the crystallographic axes 
in a range of orientations. 

A few theories of plasticity for polycrystalline aggregates have 
been published on the basis of information about the slip in single 
crystals. Thus Sachs (16) has calculated the average stress 
on the assumption that the local stress in each grain is the 
same as that stress which would be required to initiate slip in a 
free single crystal. Batdorf and Budiansky (19) have calculated 
the average strain on the assumption that the local stress is uni- 
form in free crystals with work hardening. Calnan and Clews 
(20) have calculated the average stress on the assumption that the 
local stress is the same as that stress which would cause slip in 
four or more slip systems but only one or two of the slip 
systems were assumed.to be active. Boas and Schmid (21) have 
calculated stable orientations in deformation textures on the 
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assumption that there are three active slip systems per grain. 
Those slip systems were assumed to be active which would have 
the greatest resolved shear stress in a free crystal. The rotation 
of the crystallographic axes during slip in each slip system was 
assumed to be the same as the rotation which would occur in a 
single crystal. 

Taylor (6, 7) has emphasized that an aggregate of free crys- 
tals would not fit together after plastic deformation and has 
therefore assumed that the local strain is everywhere uniform. 
There must then be five active slip systems in grains of random 
orientation. Taylor has calculated the average plastic work for 
uniaxial strain on the assumption that the five active slip systems 
in each grain are those for which the plastic work is the least. 
More than one set of slip systems were possible for many of the 
orientations of a single grain. Bishop and Hill (24) have ex- 
tended the calculations to a series of biaxial strains. Slibar and 
Vitovec (22) have assumed that the constraint which is imposed 
on each grain by adjacent grains is a probability function of the 
number of independent sets of five slip systems. If five inde- 
pendent shear stresses were equal to the critical slip stress, then all 
of the components of stress would be determined except for an 
isotropic component. The boundary stress between grains with 
different orientations would not be in equilibrium. That the 
strain is not uniform within grains or from grain to grain, even 
though there is intergranular continuity, has been shown ex- 
perimentally by Aston (25), Boas and Hargreaves (26 to 28) 
with strain and hardness surveys in large-grained specimens of 
aluminum. In no case were more than three active slip planes 
reported. 

At equilibrium, the divergence of the stress is zero througheut 
the medium. Integration of the divergence of stress through- 
out any volume can be converted by Gauss’s theorem into an inte- 
gration over the surface which encloses the volume 

The transformation which expresses the differential change in 
displacement for any differential change in location is the gradient 
of the displacement. The curl of the transformation is therefore 
zero throughout a continuous medium. Integration of the curl 
of the transformation throughout any volume can be converted 
by Gauss’s theorem into an integration over the surface which 
encloses the volume. 

Let the polycrystal be partitioned, by surfaces of integration, 
into cells within which the stress and strain are constant. The 
cells coincide with the grains in an approximate analysis, while 
the cells would be subdivided indefinitely in an accurate analy- 
sis. In a number N of cells there are 6N components of 
stress, there are 6N components of strain, there are 
3N components of rotation. The surface integrals which ex- 
press the equilibrium are vectors with three components each 
There are therefore 3N equations of equilibrium among 
the 6N components of stress. The surface integrals which 
express the continuity are tensors with nine components each, 
but only six of the components are linearly independent. 
There are therefore 6N equations of continuity among the 
9N components of strain and rotation. In an elastic medium 
there are 6N stress-strain relations and the 15N components of 
stress, strain, and rotation are fully determined by a total of 15N 
equations. If 3N independent shear stresses were equal to a con- 


and 
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stant critical slip stress, the 6.V components of stress would be 
fully determined by 6N equations and the stress would be inde- 
pendent of strain. It is therefore assumed in the present paper 
that plastic flow begins when there is an average of three active 
slip systems per cell. 

If slip occurs in a solitary cell, a stress is transferred elastically 
The transferred stress varies with direc- 
The average of the 


to the surrounding cells. 
tion and decreases rapidly with distance. 
transferred stress is zero 

The environments of all cells with the same orientations have a 
local stress pattern which differs from the average stress in the poly- 
crystal as a whole. The active slip systems in the environments 
have a distribution of multiplicity which varies with the deviation 
of the local stress pattern from the average stress, and have a dis- 
tribution of orientation which is symmetric with respect to the 
principal axes in the local stress pattern. An increment of stress 
in the polycrystal may be represented by the sum of three incre- 
ments, 

In the first increment, the polycrystal is loaded elastically, and 
the resolved shear stresses in the active slip systems are increased. 
In the second increment, each cell slips individually by the 
amount which would remove the initial increment in its own active 
shear stresses, but a residual increment is thus restored to the 
active shear stresses of the other cells. The local variation of 
stress is increased. In the third increment, the slip in the cells is 
so readjusted as to eliminate the residual increment in the 
active shear stresses. The local variation of stress is reduced by a 
major amount which is proportional to the local variation of stress 
and by a minor amount which is distorted by the distribution of 
the active slip systems. Plastic flow begins when the net incre- 
ment in the variation of local stress is zero. 

It is assumed in the present paper that the third increment of 
stress is a linear combination of the first and second increments 
of stress. An accurate assessment of the error which is introduced 
by this assumption would require the solution of an elaborate 
integral equation with the aid of an electronic digital calculator. 
A first-order approximation of the solution, which has been com- 
puted for the case of a nearly uniform uniaxial stress, has indi- 
cated that the average error is probably not more than a few per 
cent. 

The environments of all cells with the same orientations con- 
tain adjacent cells with nearly the same orientations but contain 
distant cells with random orientations. It is therefore assumed 
that the partitioned polycrystal may be represented adequately 
by prototype grains with sharp boundaries in continuous media. 

The gradient of the displacement is the sum of a strain tensor 
with the matrix 


' 
Cin C12 C31 
€12 C22 C23 
31 €23 €33 


and a rotation tensor with the matrix 


0 + A2— Oy | 
—O2 O + B25) 
+0, — Bg 0 | 


in the limiting case of small deformations. A representation of 
stress and strain by six-dimensional vectors has been presented 
in a previous paper (29). The conventional components of the 
three-dimensional strain tensor are replaced by the covariant 
components 


(€11, €22, €s3, 2€23, 2es1, 2€12) 


of a six-dimensional strain vector, and the three components of 
rotation are replaced by the covariant components 
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(0, 0, 0, 2623, 201, 20,2) 


of a six-dimensional rotation vector. The conventional compon 
ents of the three-dimensional stress tensor with the matrix 


On Fi2 On 
Gi2 Or Ox 
Ox Ox O33 


are replaced by the contravariant components 
(Ou, O22, O23, G23, On, 12) 


of a six-dimensional stress vector. The elasticity of an isotropic 
medium, the elasticity of a spherical boundary in the medium, 
and the elasticity of an anisotropic crystal may be represented by 
six-dimensional tensors C, Cy, C;. 

The components of vectors and tensors may be referred to fixed 
Cartesian x, y, z-axes, or may be referred to crystallographic 
axes which are rotated in succession through Eulerian angles 
x, 9, ¢ with respect to the fixed z, y, z-axes. There is a six- 
dimensional rotation tensor H which expresses the components of 
any six-dimensonal vector with respect to rotated axes in terms 
of the components with respect to fixed axes. 

The present analysis is limited to systems at zero pressure. 


PuastTicity OF A POLYCRYSTALLINE MEDIUM 


Arbitrary Variation of Stress. During an elastic increment of 
stress, the six-dimensional stress vector 2; and the six-dimensional 
strain vector II; for the interior of a spherical boundary are re- 
lated to the six-dimensional stress vector = and the six-dimen- 
sional strain vector II for an external isotropic medium by the 


equation 


dd, = dd + Cy(dll; — dIl)........... 


During slip in a crystal grain within the boundary, the six- 
dimensional stress 2; for the interior is related to the six-dimen- 
sional plastic strain IT, in the interior by the equation 


dd; = C;-(all, — all,) 


Elimination of dII; from Equations [1] and [2], representation of 
the identity tensor by J, definition of a new tensor J by the 
equation 


J = (I — GC;-1)- (1 — CrC-!).. 
and definition of a new tensor K by the equation 
K = (2 — GC, )-'GQ.... 
lead to the equation 
dz, = J-d> + K-dil,..... 


The tensors J and K are in the same class of symmetry with the 
tensor C; for an elastic anisotropic crystal and each may be ex- 
pressed as the sum of three tensors J,, Je, J;, or Ki, Ko, K;. The 
components of the tensors are compared with the conventional 
elastic constants of a cubic crystal in Table 1. The components 
Jiy ja, Js, and ky, ke, ks satisfy the identity 


The slip in a crystal is confined to a limited number of directions 
in a limited number of planes. The plastic strain II, is given in 
terms of the strain II,, per unit slip strain and the slip strain s,, in 
the mth slip system by the equation 


Rr erry 





HERSHEY 


CONTRAVARIANT COM- 
THE SAME CLASS 


COMPARISON BETWEEN 
VARIOUS TENSORS O} 


Components 


TABLE 1 
PONENTS OF 


Tensor 
Ci? 
0 
j2 
0 
0 
k 
0 


in which the repetition of the dummy index m signifies summation 
in accordance with the summation convention. The plastic work 
which would occur during unit slip strain in the mth slip system is 
II,,-2;, which is therefore just the resolved shear stress. The slip 
strains in a crystal with constant slip stress are solutions of the 


system of equations 
II.-d>,; = 0 [S| 
Let a new tensor X be defined by the equation 
X =y7“K-Il,Il,...... . [9] 


in which m, & are summation indexes and y™ is the mkth element 
of the inverse of that matrix? whose kmth element ¥,,, is equal to 
I1,-K-Il,,.. The increment of internal stress is then given by the 
equation 


dd, = (I X)-J-d= {10} 

During slip in the external medium adjacent to the boundary, 
an increment of stress is transferred to the interior of the bound- 
ary. Let the increment of transferred stress be represented by 
the expression 


aJ-d>— BK-dll,..... .. [11] 
in which a, 8 are uniform scalars, and B is equal to unity when 
there is an average of three active slip systems per grain. 

During slip in the polycrystal as a whole, the average of the in- 
ternal stress =, is equal to the external stress J if the increment 


of interna] stress is given by the equation 


dS, = (1— X)-JI( I — X)~- dz [12] 


The average A of the tensor X is defined by the equation 


= ‘SS SH UX-J-H sin Ode db dy. 


= [13] 
STr- 


xX 
in which the components of X, J are referred to crystallographic 
axes. The increment of plastic strain is given by the equation 

K-dll, = 


) FE -X)--d> [14] 


1 
(1—B 


and becomes infinite as 8 approaches unity. 
The internal stress Z, in a crystal with unit slip stress satisfies 
the equations 


T,t; = +1 . [15] 
The plastic strain contributes, to the internal stress, a total stress 
which is a linear function of K-II,,. 

If no slip has occurred in any slip system except the active slip 
systems, then Equations [15] Jead to the equation 


S, =D, 4+ (I— X) IS (l— X) “dd. [16] 


in which ~,, is defined by the equation 


>, = y"K-Il,M,-3, = X-3,... [17] 


3 The quantities yim and y™* are two-index scalar invariants. 
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and is a constant as long as the active slip systems remain con- 
stant. 

If slip in any slip system has been discontinued, then 2, is re 
placed by a constant of integration in a finite interval which be- 
gins and ends with a change in the active slip systems. 

The same slip systems are active in a range of orientation of the 
crystallographic axes. 
inactive on the other side of each boundary of the range of orien- 


A slip system is active on one side and is 


tation. 

Proportional Variation of Stress. If the polyecrystal is initiall) 
free of internal stress and the external stress 2 is proportional to a 
constant stress Z,, then the condition for plastic flow is a unique 
function of the stress. 

If the average number of active slip systems is nearly zero, slip 
is limited to slip systems with a maximum resolved shear stress 
The largest difference between the principal components of = is 
given by the expression 

2/3 ot 
~5 = 18 
V js* + 2(jr + ja)® 
and the limiting stress satisfies a Tresca (30) vield condition 
The plastic strain is a pure shear. 

If the average number of active slip systems could approach 
five, the ranges of orientation with five active slip systems would 
grow into large zones, and the ranges of orientation with four or 
less active slip systems would shrink into thin boundary regions 
Wherever there are four active slip systems, the internal stresses 
>; and &, are linear combinations of two limiting stresses D,,’ and 
~,,”, which initiate slip in a fifth slip system, and the symmetri: 
tensor (J — X)-J is equivalent to the dyad 


ve 
- 2,') 


(= , 


~n 


(3,’- 


, “y> - 
“a ~n ' 

19 
) 


Se a ver 
- dig Vin Sa 
Slipping in four active slip systems continues indefinitely if = 
satisfies the equation 


(1 — X)-J-(1— X)- d= = 0 [20 


The tensor X is equal to the tensor J everywhere except in the 
thin boundary regions where this equation is satisfied. The 
plastic strain IT, is therefore the same for nearly all orientations 
and is collinear with (J-— X¥)~'d. 


to a constant stress T,,’ or =,” on either side of the boundary re- 


The internal stress is equal 


gion. If the stress D, were varied, the boundary would be shifted 
The internal stress would be changed by 2,’ — =,,”, in the range 
of variation of the boundary, and the external stress would be 
changed by an average of =,’ — ~,”, 
plastic strain. The plastic strain is therefore the gradient of a 
von Mises (32) plastic potential. 


age stress satisfies the equation 


which is orthogonal to the 


In the case of tension the aver- 


>: = 6.27 (tension)... ' [21 


and in the case of shear the average stress satisfies the equation 
5.48 (shear)..... (22) 
The same results have been obtained by Bishop and Hill (23, 24 


Piastic Stratres or A Face-Centerep Cusic Crystau 


Slip in a face-centered cubic crystal is limited to the 110 axes in 
the 111 planes. There are three 110 axes in each of four 111 
planes. There are therefore twelve different slip systems in a face- 
centered cubic crystal. Expressions for the strain II,, per unit 
slip strain and the rotation 90,, per unit slip strain are given in 
Table 2. 


If slip in a crystal with unit slip stress is limited to the 110 axis 
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TABLE 2 SLIP SYSTEMS IN FACE-CENTERED CUBIC CRYSTAL 
- System . —_—_————-+/6 In— ~ —v/6 On— 
Code Plane Axis ei «622s een Qe 2 26m 26:2 
A 111 110 +1 —1 0 +1 +1 —2 
B 111 Oll 0 +1 —!1 —1 +1 +1 
111 i01 - 0 +1 -2 +1 

lil 110 —1l 0 - +2 

111 o1i —1 - —1 

111 101 - +1 -—! 

lil 110 0 +2 

lil oll —1 - —! 

111 101 - +1 - 2 —1 

iil 110 0 —2 

lil oil 0 —1 ‘ +1 

iii 101 —l1 - 4 +1 


in the 111 plane, then the components of stress have the following 
properties 


[23] 
[24] 


On — 02 — On + On = V6 
— V/6 < 63 <0 

0O<on<+ V6...... . . [25] 
[26] 
. [27] 
[28] 
[29] 
. [30] 


0 < on — on < + V6 
—_ V6 + On < On — 03 + On < + Y6- 


V6 + On < Ox - O3-—- O12 << + V6- 


— V6 — On < On — On + O02 < + V6 


_ V6— Ox < 033 — On — On. << + V6 + O23 


(O22 — O33) + (03 — On) = — (On — On) 


The possible ranges of stress may be investigated with the aid 
of a series of diagrams. Fig. 1 is a representative plot of o; versus 
on, while Fig. 2 is a plot of o12 versus 02 — 033 superimposed on a 
plot of o12 versus 03;-— 0. Any points in either figure which can 
represent the stress must fall within the dot-dash boundaries. 
For any point in Fig. 1, the points in Fig. 2 must also fall within 
the heavy boundaries. The points for multiple slip are located at 
the boundaries in the figures. The range of points for each level 
of multiplicity is bounded by points for a higher level of multi- 
plicity. 

The sum of the shear stresses on the three axes in any 111 plane 
is zero, and a linear combination of the shear stresses on the four 
axes in any 100 plane is zero. The twelve shear stresses are thus 
connected by seven independent linear equations and only five of 
the shear stresses are independent at one time. 

The slip stress in any one slip system may be positive or nega- 
tive. If the sum of any two shear stresses is equal to the slip 
stress, both shear stresses have the same sign as the slip stress. If 
the sum of any iwo shear stresses is equal to twice the slip stress, 
both shear stresses are equal to the slip stress. Not more than 
two shear stresses can be equal to the slip stress on any one 111 
plane. If the shear stresses are equal to the slip stress on any 
three axes in one 100 plane, the shear stress on the fourth axis is 
also equal to the slip stress. Not more than eight shear stresses 
can be equal to the slip stress at any one time. These limitations 
greatly simplify the discovery of those sets of stresses which have 
six or eight shear stresses equal to the slip stress. The sets of 
stresses with lower levels of multiplicity can be found by matching 
pairs of sets to find the shear stresses which are common to 
both. 

The plastic states which include slip on the 110 axis in the 111 
plane have been located graphically and have been checked ana- 
lytically. Only twenty three of these plastic states need to be 
analyzed in detail. The other states may be derived by cyclical 
permutations or reflections of the crystallographic axes. A repre- 
sentative set of states is given in Table 3. Letters without 
parentheses designate fundamental slip systems, whose shear 
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(A, Plot of oi: versus o22—o2; 1), plot of oi: versus os—on. Fine lines mark 

maximum range for slip in each of slip systems B. . .L, [+1] is slip stress. 

Heavy lines mark limiting stress for double slip. Dot-dash line marks 

maximum range for slip in slip system A without slip in any other slip 
system.) 


stresses are linearly independent, while letters within parentheses 
designate incidental slip systems, whose shear stresses happen 
also to be equal to the slip stress. 

If the analysis were repeated for each of the twelve slip systems 
there would be many duplications. For many of the states of 
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TABLE 3 REPRESENTATIVE PLASTIC STATES FOR FACE- 
CENTERED CUBIC CRYSTAL 

ABEFG(D 

ABEFJ(L) 

AB(D)EG(H)J(K) 

ACDFG(D(J)(L) 

ACEFG(I)(K)(L) 


ABEF 
ABEG 
ABEJ 
ABGH 
ARGK 
AEFG(I) 
ACFG(I)(L) 


AB ABE 

E ABF 

G ABG 

J AEG 
ADG() 
AFG(I) 


rABLE4 NUMBER OI 


PLASTIC STATES FOR FACE-CENTERED 
CUBIC CRYSTAL 
= Systems————_. States—— 
Fundamental Incidental Strain 
1 0 12 12 
0 ¢ 66 
0 120 
1 < 60 
0 7 72 
96 
144 
16 72 
5 : 12 312 


Total . 349 954 


Stress 


"Or de dee COO PO 


stress there is a multiplicity of states of strain. The numbers of 
independent states of stress and strain are listed in Table 4. The 
28 states of stress with slip in five fundamental slip systems have 
been analyzed by Bishop and Hill (24), while the 384 states of 
strain with slip in five fundamental slip systems have been 
analyzed by Kochendorfer (33). 


PLASTICITY OF AN AGGREGATE OF IsorRoPIc CRYSTALS 


Distribution of Plastic States. The general theory has so far 
been applied only to the special cases of tension and shear in an 


The tensors J and -—K can 


‘can be re- 


intrinsically isotropic polyerystal. 
then be simplified to unity, and the tensor (J-— a 
placed by a scalar 1 + a. The external stress J is proportional to 
the constant stress L,. The factor of proportionality is given in 


terms of a scalar w by the equation 


= 
ZS 


dw 
l+a 
The internal stress is given in terms of w by the equation 
] 


w 


(Z; - )= (f- 


X)- =. 

The internal stress L, is thus a linear function of w in a finite in- 
terval. The same slip systems are active in a range of orientation 
which is hounded by the Eulerian angles where the shear stress 
The value of 1/w at each 
boundary of the range of orientation is a linear function of the 


is unity in an inactive slip system. 


components of 2, and is therefore also a linear harmonic function 
of the Eulerian angles x, 0, ¢. Each boundary is therefore located 
at the Eulerian angles where some function Q(x, 9, ¢) is zero 
The functions Q(x, 8, ¢) happen to be linear harmonic functions 
of 2¢ or 28, and the Eulerian angles at the boundary are related 
by an equation of the form 
Q(x,9,¢) = Qo(x,8) + Qi(x,8) sin 2¢ + Q:(x,6) cos 2g = 0 
[34] 
or by an analogous equation in 26. The values of ¢ or 6 at the 
boundary are given by the expression 


Q 0. 
. ‘ort = 35] 
VQ? + Q: Q: 


and it is thus possible to map out the range of orientations with 
the aid of a straightforward algorithm. 

A total of forty-five boundaries must be analyzed in detail, 
while other boundaries may be derived by cyclical permutations 


and reflections of the crystallographic axes. The analysis is com- 
plicated by the fact that a few of the states with a high level of 
multiplicity actually may be unstable with respect to other states 
with a lower level of multiplicity. One or more shear stresses, 
which are equal to the slip stress in the unstable states, are re- 
duced below the slip stress by slip in the stable states. The insta- 
bility occurs only in a limited range of orientation of the crystallo- 
graphic axes. 
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E 4 are orientations of crystallographic axes when axis of tension coin- 
cides with 100, 101, 111 axes. Heavy line marks range of orientations in 
which slip system A is first system to slip.) 


The plastic states are mapped as a function of orientation in 
Fig. 3 for plastic flow in tension. The plastic states AEF and 
AEFG(I) are unstable for large values of 6. The map of plastic 
states as a function of orientation is three-dimensional in the case 
of shear. The map has an axis of symmetry, and only half of the 
map need therefore be analyzed in detail. Sections through the 
map are illustrated in Figs. 4 to 6. The plastic states ABL, 
ACGH(L), and ABDF(K) are unstable for extreme values of ¢. 

The boundaries in the maps for a real polyerystal would be 
blurred by local variations in the environments of the grains 

In the plastic states A, AB, there is only one slip plane, while 
the plastic states with five active slip systems have three or four 
slip planes. The theory is thus in agreement with experimental 
determinations of the number of slip planes, in so far as there is 
only one slip plane for a finite range of orientations. An absence 
of slip bands at the free surface of a polycrystal may not be a 
reliable indication of the absence of slip in the interior of the poly- 
crystal 

Other evidence of possible limitations on the formation of slip 
bands has been reported in the literature. The distribution of the 
orientations of slip bands on the surface of polycrystalline alumi- 
num has been determine 1 by Hedgepeth, Batdorf, and Sanders 
(34 to 36). The maximum angle between slip bands and the cross 
section of a tensile specimen was observed to be only 58 deg, 
whereas the maximum angle for a grain with a 111 axis in the 
axis of tension would be 70.53 deg. The spacing between slip 
bands on single crystals of aluminum have been studied by Honey- 
combe (43) and by Chen and Mathewson (45). The slip bands 
became clustered when the 111 axis or the 100 axis of the crystal 
was near the tension axis. The effect of surface condition has 
been studied by Brown and Honeycombe (50). The spacing be 
tween slip bands was wide where the surface was polished 
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orientation hich slip syste: 
mechanically and was narrow where the surface was polished elec- 


trolytically. Hardening of an aluminum crystal without the 
formation ol slip bar ds has been reported by Heidenreich, Roros, 
and Shockley (51, 52), and elementary slip lines between the 
visible slip bands have been detected by Kuhlmann-Wilsdorf, van 
der Merwe, and Wilsdorf (53) in electron micrographs. 

Stress for Plastic Flow. The theoretical stress for plastic flow 
has been caleulated for the case of tension, where the average 
stress satisfies the equation 


v 
_ 


= 5.34 (tension : : 136 


and for the case of shear, where the average stress satisfies the 


equation 


et = 4.99 (shear 


The plastic work D-II and the average of for the same strain 
are not equal as a result of local distortion of the grains near the 
grain boundaries. 

Values‘ of the plastic work are given by the following: 


pon 8 
2.83 


2.74 


Strain 
Elongation 
Shear 2.63 
for an elongation equal to unity and for a shear equal to V3. 
Experimental comparisons between the stresses for plastic flow 
in single crystals and in polycrystals of the same metal have been 
made by Elam (5, 7) and by Karnop and Sachs (10). Representa- 
tive values of the uniaxial stress in the polyerystal per unit slip 
stress in the single crystals have been calculated on the assump- 
tion that the work hardening can be expressed as a function of 
the amount of plastic work. The experimental values are larger 
than the theoretical value. This discrepancy may be the result 
of differences in the distribution of imperfections in the crystals. 
Other examples of possible effects of structure have been re- 
ported in the literature. The elastic limit of aluminum has been 


* Bishop and Hill's values are 3.06 for elongation and 2.86 for shear. 
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hardness of coppel has 
Both the elastic limit 


and the hardness increased linearly with increase in the reciprocal 


and the 
been measured by Angus and Summers (55). 


measured by Sugihara (54 


of the grain size. Different stress-strain curves for cast or re 
crystallized single crystals of aluminum have been reported by 
Dehlinger and Gisen (56, 57). Slip on slip bands in single crystals 
is so heterogeneous that the crystals may become divided into 
have been studied by Barrett and 


deformation bands which 


Levenson (37). Primary slip, primary cross slip, secondary slip 
and secondary cross slip may all be stimulated in different parts 
of the same crystal, as several investigators (41 to 45) have observed 
in alpha-brass and aluminum. The critical slip stress may vary 
(10 to 15) with the orientation of the crystallographic axes in a 
range of orientation. The slip stress is a maximum when the 111 
axis or the 100 axis is in the axis of tension. Slip in especially 
thin erystals of aluminum has been studied by Wu and Smolu- 
chowski (58). The critical slip stress was proportional to the path 
of slip through the crystals. Slip in slip bands is blocked by kink 
bands which have been studied in aluminum by Collins and Math- 
ewson (40) and by numerous other investigators (43 to 49). Slip 
in slip bands is blocked by grain boundaries to an extent which 
has been illustrated by Lacombe and Beaujard (59). 


tepresentative values of the stresses for plastic flow in poly- 
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crystals have been selected from the literature (60 to 64). The tri- 
axial stresses after equal amounts of plastic work have been re- 
duced proportionately by such an amount as to reduce the uni- 
axial stress to the theoretical value for a unit slip stress. The 
plotted values of the principal stresses ¢:, 02, ¢; in a three-dimen- 
sional diagram are projected on an octahedral plane in Fig. 7. 
The Tresca (30) yield condition is represented in such a figure by 
a hexagon, and the von Mises (31) yield condition is represented 
by a circle. That the experimental data deviate by a perceptible 
amount from a circle was observed by Lode (60). 

The scalar invariants in the three-dimensional stress tensor 
have been used by Drucker (65) in a function of the sixth degree 
to correlate the stress-strain curves. The experimental relation- 
ship between increments of the principal strains and the principal 
stresses has been integrated by Taylor (66) to obtain a von Mises 
plastic potential. A power law has been used by Bailey (67) to 
express the relationship between incrementsof the principal strains 
and the principal stresses. An exponent of four in the power law 
has been found by Davis (62) to be in good agreement with the 
experimental data. The power law is collinear with the gradient 
of a von Mises plastic potential of the form 


0» : o\" + (0; 02". 38} 


in which the exponent n = 5, This plastic potential correlates 

the Tresca yield condition, for which n = ©, with the von Mises 

yield condition, for which n = 2. The present theory is consistent 
by 


with n = 6 and is supported by the experimental data in Fig. 


‘. 

Growth of Preferred Orientations. If the co-ordinates of orienta- 
tion x, cos 6,¢ of a large number of grains in an isotropic poly- 
crystal were plotted in a three-dimensional Cartesian diagram, the 
density of points in the di ram would be initially uniform. Each 
point would be displaced by a vector with components Ax, A cos @, 
Ag during an increment of strain. In the limiting case of a 
small strain, the components are given by the equations 


Ax = Aes cos Xx A sin x cot 4 By» 
A cos 4 = + (0. sin x + 4 1; COS x sin la) 
Ag +( Ax; cos x 6, sin x) ese 8 [41] 


The density of points is changed within each zone of the map of 
plastic states by an amount which is proportional to the diver- 
gence of the displacement of the points. The density may change 
instantaneously by severalfold along a boundary between zones 
where the displacement is discontinuous. The change of density 
at the boundary is in a band which grows in width as the strain in- 
creases. 

The displacement for a 10 per cent elongation in tension is 
plotted in Fig. 8. In the orientations where there are incidental 
slip systems, two or more states occur with divergent directions 
ol rotation The multiplicity occurs in about the same range ol 
orientation as Barrett and Levenson (37) have observed deforma- 
tion bands in polyerystalline aluminum. 

The theory leads to a stable orientation during compression 
when the axis of compression is in a 110 axis and leads to a stable 


orientation at 
x = 0°, 0 = 45°, g = 27.37 


during shear with extension in the z-axis and contraction in the 
y-axis. The orientations congregate quickly in a band which con- 
tains the stable orientation, and then the orientations move 
more slowly along the band as the strain increases. Stereographic 
projections of the approximate location of the bands are illustrated 
in Fig. 9. Analogous bands have been found experimentally by 
Barrett and Levenson (37 to 39) in the case of compression and by 


Proje« ian } 
principal stresses o:, o2, a3. Curve I, plastic potential for initiation of slip 


[Tresca (30), n Curve II, plastic potential for plastic flow 





o2 


Fic. 7 Comparison OF STRESSES FOR Plastic Flow 


tion on octahedral pla of three-dimensional Carte 


lot of 


n t 


Curve III, plastic potential for free crystals [von Mises (31), Sachs (16) 


U 21; 
Hill (24 


crystal of same metal [Al} from measurements by: a 


and Sachs (10). Theoretical stress from calculations by ec, Taylor (7 


‘urve IV, plastic potential for five active sliy " 
Experimenta) stress in a polycrystal for unit sliy ORS 


sishop and 


in & single 


Karnoy 


Experimental triaxial stresses for same uniaxial stress from measurements 


by 


ViCu 


Fic. 


8 


DisPLACEMENT OF Pornts IN Map or Prasri 
Durine 4 10 Per Cent ELONGATION IN TENSION 


Cul [Ni], Lode (60); g[Cu], @{Al], Taylor and Quinney (61 
Davis (62); 248-T Al Osgood (63 Marin and Kotalik (64 


Tails attached to symb« represent increments of plasti train 


STATES 





JOURNAL OF APPLIED MECHANICS 


"0 


Center Lines or Banps IN WuHiIcH ORIENTATIONS OF 
CRYSTALLOGRAPHIC Axes TEND TO CONGREGATE 


Fic. 9 


(Stereographic projections of: a, axis of compression; b,¢, d, the 100, 110+ 

111 axes in shear; . ©. &. theoretically stable orientations. Axes of 

shear in rolled metals are oriented by RD, the rolling direction and by TD, 
the transverse direction.) 


von Gdler and Sachs (68, 69) in the case of shear. Consistent data 
also have been obtained by other investigators (70 to 72). The 
bands of preferred orientation during shear are rotated through 
an angle of 17.63 deg or less during torsion, and they have a 
somewhat symmetric distribution with respect to the plane of 
shear. The preferred orientation has been measured experi- 
mentally by Backofen (73) in the case of torsion. 


Resipuat Stresses By X-Ray DirrrRactTion 


The release of external stress is known (74) to leave a residual 
internal stress which varies with the orientation of the crystallo- 
graphic axes. The presence of the residual stress is revealed by 
x-ray diffraction measurements of the strain between selected 
The average residual stress has been calculated 
from the stress difference 2; —- = for all orientations in which the 
100, 110, 111 axes are perpendicular to the axis of tension. The 
residual strain é, which would be determined by x rays in a poly- 
crystal with intrinsic elastic isotropy and unit slip stress, is 
tabulated in Table 5. 


lattice planes. 


COMPARISON BETWEEN X-RAY MEASUREMENTS 

OF RESIDUAL STRAINS REPORTED BY GREENOUGH AND 

THEORETICAL RESIDUAL STRAINS FOR AN INTRINSICALLY 
ISOTROPIC POLYCRYSTAL WITH UNIT SLIP STRESS 


TABLE 5 


é Strain 


Diffracting 
(au — 82) axis 


(105) & (measured strains 
Al ‘u Ni 


+6 +0.509 100 


—0.480 111 
—0.124 110 


+0.509 100 


The residual strains in a few metals after tension have been 
measured by Greenough (75). The normals of all of the diffract- 
ing planes happened to be located on the boundary of the unit 
triangle in the map of plastic states, and the data are therefore 
arranged in Table 5 in serial order for a circuit around the 
boundary. The theoretical and experimental values show the 
same trend of variation. If the theory were corrected for anisot- 
ropy, the theoretical values would be corrected in the right 
direction to make them proportional to the experimental values. 


CONCLUSION 


Although there is a qualitative agreement between the experi- 
mental data and the theoretical analysis, a quantitative comparison 
cannot be made because of differences in the materials which are 
involved: An interesting test of the theory would be provided by 
the discovery of abrupt variations in the intensity of a diffraction 
pattern where discontinuities are predicted by the theory. Such 
details may, however, be scattered and lost by the local fluctua- 
tions in the environment of the grains. 
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Experimental Measurement of Mechanical 
Impedance or Mobility 


By R. PLUNKETT,:! SCHENECTADY, N. Y. 


A device for the experimental measurement of me- 
chanical impedance as a function of frequency is de- 
scribed. The measured values for two systems are shown. 
It is also shown that the performance of a modified system 
may be predicted in some respects. These measurements 
show that this function is extremely complex and that the 
systems are very limber at audio frequencies. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


Young’s modulus 
acceleration of gravity, 386 in/sec? 
v-1 


mass 
= mobility 
frequency, radians per sec 
INTRODUCTION 


The concept of mechanical mobility or its inverse, impedance, 
has been used for some years in the calculation of the response 
of vibratory systems (1, 2, 3, 4, 6).2. The computation quickly 
becomes difficult as the complexity increases. The same com- 
putational methods may be used in discussing the effects of 
changes and combinations of complex systems if the mobility 
is experimentally measured. A start in this direction was made 
by Muster (6), who found very peculiar effects in the trans- 
missibility of vibration isolation mounts at audio frequencies. 
However, Muster measured transmissibility, which is not mobility 
directly, although closely related to it. 


Tue ImpepANce Heap 


The principles of this measurement are relatively simple. 
Apply a sinusoidal vibratory force of known frequency to a point 
in a structure, measure the resulting velocity and its phase with 
the force, and plot the ratio of velocity to force as a function of 
frequency. Some preliminary tests indicated considerable prac- 
tical difficulties. The first was to get a satisfactory force gage, 
one which would have satisfactory sensitivity without being 
so flexible it would be hard to drive. The measurement of 
velocity was not so difficult; almost any commercial self-gener- 
ating vibration pickup with a suitable frequency range would do. 

1 Engineer, General Engineering Laboratory, General Electric 
Company. Assoc. Mem. ASME, 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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It was first thought that the application of sufficient force would 
be difficult, but it was soon found that very little force was re- 
quired; i.e., the mobility of most mechanical systems is relatively 
high. 

A barium-titanate ceramic transducer was designed as a force 
gage and proved very satisfactory, being very stiff (Z = 15,000- 
000 psi) and having relatively large sensitivity in compression (ap- 
proximately 0.1 volt per lb for a 2-in-square piece */s in. thick). 
The first measurements were taken with this force gage driven by 
an electromagnetic vibration motor; the velocity was measured 
with a vibration pickup mounted as close to the force gage as 
possible. These measurements on a relatively massive founda- 
tion indicated that the pickup could not be located as much as 
2 in. away from the force gage at 1000 cps without serious error 
in the measured values. 

In addition, it was found that the vibration pickup must be 
fastened down securely to follow vibrations of this frequency. 
Hand pressure was not satisfactory above about 200 cycles per 
sec (eps), and a magnetic stand was not satisfactory above 1000 
eps even when the surface was prepared carefully. A relatively 
at 1000 eps represents 

this is comparable to 


large acceleration (1 g or 386 in/sec?) 

only a small displacement (10 microin.); 
surface roughness, which means that both the pickup and force 
gage must be pressed firmly against the surface to eliminate 
relative movement. All of these considerations led to the de- 
velopment of a device which could be attached securely by means 
of a stud, and screwed down firmly against a shoulder with a 
large pressure. 

An accelerometer is basically simpler than a velocity pickup 
and has a higher top-frequency limit. While it is possible to 
build an integrating circuit to convert acceleration readings to 
velocity, it is not worthwhile for an impedance head which works 
on single frequency signals. Thus, it was decided to measure 
the acceleration for a unit force (1 Ib) and plot this as a function 
of frequency on the proper graph paper, Fig. 1, from which the 
velocity per unit force (mobility) would be read directly. 

The preliminary tests indicated the necessary range of fre- 
quency and mobility to be covered. For the time being, it was 
decided to work in the frequency range from 10 cps to 3000 eps 
with the possibility of going to 10,000 eps in the future. Since 
all the measured mobilities, so far, have fallen in the range from 
0.001 to 10 in/see per Ib and forces from 0.1 to 10 lb have proved 
adequate for driving, acceleration measurements from 0.001 g to 
10 g cover most of the range, Fig. 1. Using a force of 10 Ib drops 
the lower limit by a factor of 10, and a force of 0.1 lb raises the 
upper limit by a factor of 10 in terms of a unit force (dashed lines 
9.0001 and 100 g). A further physical limit of 1 mieroin. and 
0.01 in. seemed reasonable, which would be expanded by a factor 
of 10 at each end by changing the driving force (dash-dot lines). 
Thus, the shaded portion gives the useful range of measurements. 

This can be done with a sensitivity of 0.5 volt/g for the ac- 
celerometer, since 1 millivolt is a comparatively easy measurement 
in this frequency range. Likewise, a sensitivity of 0.03 volt/Ib is 
adequate for the force gage. 

A cross section of the complete unit is shqyn in Fig. 2. All 
of the major components have a circular cross section. The bot- 
tom ©) is drilled and tapped for a '/,-28 stud and is screwed down 
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Fic. 1 Userut Rance or MecHanicat IMPEDANCE 
A cylindrical 
barium-titanate element @ is glued to the middle of the base piece 


tightly to shoulder on the point to be measured. 


and a mass of approximately 0.3 lb is mounted on the top for a 
forming an accelerometer. The weight is posi- 


pretensioned to allow 


seismic weight 
tioned by 
mounting in any direction and to permit acceleration exceeding 


The 


two diaphragms which are 


10 g; this requires a preload exceeding 3 lb for this mass. 


natural frequency of this system is about 5500 eps, giving a useful 
This can be increased to 10,000 cps by de- 
this reduces the sensitivity from 


range of 3500 cps 
creasing the mass to 0.03 Ib; 
0.5 volt/g to 0.05 volt/g which is satisfactory at the higher fre- 
quencies, Fig. 1. 

An annular disk of barium titanate ©) is glued to the base, sur- 
rounding the accelerometer; this has a sensitivity of 0.03 volt/Ib. 
The hollow body 
wigh a cap @ to furnish a place to apply the force from a vibration 
motor. All portions of the body subjected to bending are made 
relatively thick to raise the resonant frequencies above 10,000 eps. 
Suitable leads are brought out from the two sides of both sensi- 
tive elements to connectors in the body of the gage. The sen- 
sitive elements have the electrical characteristics of capacitances. 
The force gage has a capacitance of 9000 mmfd and the acceler- 


3) is mounted above the force gage and is closed 


Cross Section oF MECHANICA! 
IMpepance Heap 











ACCELERATION—{g = ACCELERATION OF GR AVITY) 


Heap 


ometer 300 mmfd. This means that the lower cutoff frequency 
is 1 eps when used with a cathode follower with an input imped- 
ance of 1000 megohms. There is cross-talk 
between the gages when used with these circuits and suitable 
shielded leads. 


Since the parts of the gage below the force-sensing element, 


no measurable 


the base and accelerometer mass, appear as part of the mMeas- 
ured system, these were kept as light as possible. Their com- 
bined weight is about 0.5 lb; even so it will be shown that this is 
enough to affect the fine detail of the measurements at the higher 
frequencies. We have been using a Model SD, MB vibration 
motor suitably modified to make a boot-strap driver, Fig. 3; i-e., 
a driver which reacts against its own mass only. We have vet 
to find a system that this does not have sufficient force to drive. 
The field, which is fairly massive, is supported on an inflated 
inner tube for vibration isolation. Even this is not satisfactory 
at higher frequencies when the tripod legs are mounted directly 
on the driven piece, and more elaborate measures must be taken 
to keep the leg force below 1 per cent of the armature force. The 
device is essentially driving against the mass of the field in this 
application since the field is floating on the very limber inner 
tube which acts as a soft spring. 
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MEASUREMENT RESULTS 


As an illustration, the measured mobility of a steel bar 48 in. 

RUBBER PAD long, 2 in. wide, and 1 in. thick is shown in Fig. 4. The bar was 
mounted on soft sponge rubber approximately at the nodal 

points of the first free-free resonance, and the mobility measured 

Pere at the mid point. The calculated frequencies of the normal 
mee modes up to 1210 eps are shown in Fig. 5 (7). The three sym- 
FOR ISOLATION metrical free-free beam modes were calculated to be 91 eps, 
492 eps, and 1210 eps, respectively, Fig. 5; these should appear 

as resonances. The three modes calculated at 57 cps, 358 eps, 

ek cata and 1000 eps should appear as antiresonances or points of low 
mobility; these separate the previous three. The two anti- 

symmetrical resonances at 251 and 812 cps should not appear 

at all if the driving and support systems are absolutely symmet- 

rical. The actual measured frequencies were as shown in Table 

SHAKE PROOF IMPEDANCE HEAD FASTENED 1. 


WASHER —of, TO SEAM WiTn 1/4°-28 SOREW These are in good enough agreement for the rather crude 


setup. The resonance at 18 cps is that of the beam as a rigid 

85 LB WEIGHT FASTENED TO aS . . —_ S — aa & ° 

, : Sees mem, aadoan RGR body on the sponge-rubber supports, and the one at 33.5 eps is 
e~ that of rocking motion on the same supports. 

‘Il _ The maxima and minima of the mobility curve coincided 

exactly with a phase angle of 90 deg between force and accelera- 


Fic. 3 Visration Motor Drive SHow1na ISOLATION tion, as estimated from a cathode-ray picture with the ac- 
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57 CPS 


RESONANCES AND ANTIRESONANCES OF BAR 


Mostuity or Bar Wits 8.5-Ls 
WEIGHT 


VELOCITY —— INCHES PER SECOND 


MOBILITY 


FOR CE-POUNDS 


C0001 
) 


celeration voltage horizontal and the force voltage vertical. Con- 
sideration of a polar plot of mobility (8) indicates that the phase 
angle between force and acceleration must vary from greater than 
90 deg through 90 deg to less than 90 deg as the frequency is in- 
creased through a resonance point. It must vary from less than 
90 deg through 90 deg to greater than 90 deg as the frequency is 
increased through an antiresonance point. Thus, the system is 
spring-controlled if the mobility increases with frequency and 
mass-controlled if it decreases with frequency; at resonance, 
where the system is damping-controlled, the slope is approxi- 
mately zero. In general, the phase angle was almost 180 deg, as 
estimated from the oscilloscope, for increasing mobility, 90 deg 
as noted before at the maxima and minima, and almost 0 deg for 
decreasing mobility, except for the regions indicated. These 
regions were associated with subsidiary pseudoresonances, such 
as those corresponding to antisymmetrical free-free beam modes. 

The effective spring compliances (reciprocal spring constants) 
in inches per pound and reciprocal damping in inches per second 


Zz 
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v 
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MEASURED FREQUENCIES 
Measured 
frequencies, cps 


TABLE 1 


Calculated 
frequencies, cps 


91 91 
492 
1210 
( 57 
{ 358 
| 1000 
251 


812 


Free-free symmetrical 
beam resonances 


Antiresonances. . 


Unsymmetrical beam 
resonances... . ; 


per pound can be read directly from Fig. 4.4. A force of 1 Ib 
causes an acceleration of 1 g on a mass which weighs 1 lb. Thus 
the effective mass in weight units is the reciprocal of the accelera- 
tion mobility in g’s. The effective mass of the bar varies as the 
distance between nodes; this distance varies roughly as the in- 
verse square root of the frequency. Thus, the general trend of 
the mobility diagram should follow a straight line on this log-log 
chart, at an angle halfway between lines of constant velocity and 
constant acceleration, or —22'/. deg, which it appears to do. 

A weight of 8.5 lb was fastened securely to the bottom of the 
bar and the mobilities remeasured, Fig. 6. The mobility of a 
mass (2) is 

i ee 

wm 
and is given by the line at 0.118 g (= 1/8.5) in Fig. 4. The mass 
and bar constitute a parallel system, the new mobility is given by 


where 


= mobility of mass 
wm 


ja + 6 = mobility of bar 


= mobility of system 


Since the real component of the mobility is very small except at 
the peaks (phase angle almost 0 deg or 180 deg), it can be seen 
that resonance should occur at frequencies where the bar-mobility 
line crosses the mass-mobility line with positive slope (spring- 
controlled or positive imaginary part). Resonance occurs when 
the total mobility has a zero imaginary part; for example, a 
simple mass-spring system is resonant when the mobility of the 
spring equals the mobility of the mass (2). Table 2 gives the 
predicted and measured values of the new resonances. 


VALUES OF NEW RESONANCES 
Predicted Measured 
80 80 


405 410 
1010 1030 


TABLE 2 


The frequencies of the mobility minima should be increased 
slightly by the same reasoning but should be practically the same 
as in Fig. 6, since the phase-angle shift isso rapid. The subsidiary 
resonances and antiresonances are changed markedly by the 
addition of the weight; this probably results from relatively 
minor changes in the direction of loading, points of beam support, 
and the fact that the weight was not precisely at the location of 
the impedance head. 

The mobility of a point on a cast-iron base plate, Fig. 7, weigh- 
ing 60 lb was measured next, Fig. 8. The casting was supported 
on sponge-rubber blocks on a concrete floor which rested on the 


§ This chart was originally devised in 1942, for the calibration of 
pickups by R. W. Samsel, General Electric Company. It shows dis- 
placement in peak to peak; thus, all compliance values are multi- 
plied by 2. 
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The extreme complexity of the response of the base 


ground. 
It would be possible to estimate 


is immediately apparent. 
the first natural frequency and make a guess at the height of the 
first peak from the physical characteristics and dimensions of the 
The rest would be impossible to calculate. The same 

22'/, deg may be noted up to about 700 cps, then 
This 


system 
trend of 
the trend seems to be up along a line of constant compliance. 


is probably due to the local response of the base plate at these 
frequencies, which seems to be relatively independent of lateral 


dimension. Preliminary calculations show that this effect should 
occur at about 1000 cps for a '/2-in-round steel surface bearing 
on steel; the details of this calculation have not been worked out 
fully. 

The 8.5-lb weight was next screwed down to the casting and 
the mobility again measured, Fig. 9. Again the measured reso- 
nances agree with the intersections with the mass-mobility 
line. The interesting thing here is that the general level of the 
mobility curve is decreased at those frequencies where the 
mass mobility is less than the general trend of the casting mobility 
(above 700 cps) and the trend toward the constant-compliance 
line is delayed to about 2000 eps. 


CONCLUSIONS 


1 A device has been constructed for the practical measure- 
ment of mechanical mobility. 
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2 The experimental measurement of mobility gives a method 
for predicting the vibration characteristics of complex structures 
when changes are made in them. 
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A Method for Determining the Internal 
Damping of Machine Members 


By A. W. COCHARDT,' EAST PITTSBURGH, PA. 


A method is described by which the internal damping 
of a machine member can be evaluated in a simple way. 
It is shown that the results of a conventional damping 
test on a simple shaped specimen of the chosen material 
can be combined with a newly introduced quantity, the 
stress-distribution function, to yield the internal damp- 
ing of a particular member. The suggested method elimi- 
nates the necessity for testing expensive specimens as 
was often the practice. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


r = distance from center line 
y = distance from Jmin-axis of blade 5600 
z = distance from bottom end of blade 5600 
radius of cross section 
length of circular bar 
length of blade 5600 
volume 
area 
shear stress 
maximum shear stress 
normal stress 
maximum norma! stress 
maximum normal stress of any given cross section 
Young’s modulus 
strain energy 
total strain energy 
energy absorbed per cycle per unit volume 
total energy absorbed per cycle 


INTRODUCTION 


Structural failures in service generally are caused by dynamic 
forces that are excited in a member at or near resonance. These 
failures can be prevented if the excited forces are kept low; and 
this can often be attained by selecting members with sufficiently 
large internal damping. A high damping means that the excited 
vibrational energy is absorbed in the material before the vibration 
can be built up. 

Internal damping is therefore an important property of ma- 
chine members. Despite its significance, very little is known 
about its evaluation. In general, the internal damping of a 
complicated member may be determined in two ways: The par- 
ticular member may be used as a specimen and tested under 
conditions analogous to the operating conditions. Yet this is 

! Research Engineer, Metallurgy Department, Westinghouse Re- 
search Laboratories. 
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“< 


Or the damping 
a simple-shaped 


costly, and often even impossible, to carry out. 
may be measured in a conventional way on 
specimen, and the results of this test may then be used to derive 
the internal damping of the complicated member, The latter 
procedure, undoubtedly, is superior to the first, if the data of the 
But 
no simple method was hitherto available, probably because 
was therefore 


conventional test can be interpreted in a simple manner. 


damping is a somewhat obscure property. It 
often general practice to test complicated and expensive speci- 
mens. That this is not necessary, is shown by the present paper. 

B. J. Lazan (1)? has recently presented a treatment of this 
problem, but his analysis which disregards the low-stress damp- 
ing is applicable only for specific cases. The method proposed 
here, on the other hand, can be used for all machine members 
and all materials. It is based on two quantities, the stress- 
distribution function and the energy-absorption function. The 
stress-distribution function depends only upon the shape of a 
member and not upon the material, contrary to the energy- 
absorption function which depends only upon the material and 
not upon the shape of the member. Once these two quantities 
are known, the problem is virtually solved. 


EXpLANATION OF TeRM “Srress-DistTRIBUTION FuNcTION”’ 
The fraction of the total volume of a member in which the 


stress lies between ¢ and a0 + do may be written as 


dV o 
v -1( ) 
C,,) ¢ 


In this expression f(¢/¢,,) is a dimensionless function of the 
ratio ¢/¢,, which is called stress-distribution function. 

Consider, for example, a torsion bar with circular cross section 
that has been twisted by a certain amount. On the assump- 
tion that every cross section of the bar remains plane and per- 
pendicular to the axis after torsion, it is clear that the stress does 
not vary in the axial direction. But in a given cross section the 
stress increases linearly with the distance from the center; conse- 
quently, the curves of constant stress are circles with a radius r 


(1) 


and the volume V(r) of the torsion bar subjected to a stress lower 
than 7 is 


When Equation [3] is differentiated with respect to 7, the stress- 
distribution function is found to be 


(*) T 
f = 2 
Ts Tm 


og oc 
H(£) 22 cece ll 
Om Cus 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 


‘ 





if 7 is replaced by one of the principal stresses ¢. This expression 
It says that only a relatively small 
To be exact, only 


has a real physical meaning. 
part of the bar is subjected to small stresses. 
1 per cent of the bar is operated between 0 and 1/19 of the maxi- 


V ¢"* (2 ) 
f dt = 
Tm 0 Tm 


Table 1 shows stress-distribution functions for some common 
types of stress systems; tension-compression, torsion, and bend- 


mum stress 


1 per cent V 


STRESS-DISTRIBUTION FUNCTIONS FOR SOME COM- 
MON STRESS SYSTEMS 


TABLE 1 


Cantilever 


Direct stress beam Simply supported beam Simple torsion 
a = o - a T 
0.5 sin « 0.7 In 2— 


om Om om Tm 


1 —In 


ing. The function for direct stress is 1 because the stress is uni- 
form throughout the member in this particular case. It is inter- 
esting to note that the function for the cantilever beam, which 
was calculated analytically (2), decreases considerably with in- 
creasing stress ratio, ¢/a,,. This means that a large part of the 
beam is subjected to only a fraction of the maximum stress, con- 
trary toa torsion bar. A simple calculation shows that the stress 
lies between 90 and 100 per cent of the maximum value for only 





tte. iit 111/tH IMM). 








A Stress between 90 and 100 per cent of maximum. 
B Stress between 0 and 10 per cent of maximum. 
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0.5 per cent of the volume of the beam. This is illustrated in 
Fig. 1 where the two parts of the cross-sectional areas are drawn 
(shaded area) for which the stress lies between zero and one tenth 
of the maximum stress and between nine tenths and the maximum 
stress. The large difference in size between these two areas is 
apparent, and from this the real meaning of the term stress-dis- 
tribution function is understood. 

A machine member generally is subjected to a more compli- 
cated stress system, and a simple derivation of the stress-distribu- 


1Y 


Section or Brave 5600 
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END OF BLADE, IN 
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Stress Distrisution AtonGc Z-Drrection or TuRBIN? 


Brave 5600 AccorDING TO Rosarp 


tion function f (o/a,,) may not exist. But it can be assumed 
that an approximate graphical solution can be found even in the 
most complicated cases. In order to demonstrate the procedure 
for a more complicated case, the stress-distribution function of a 
typical turbine blade in bending will now be calculated. The 
blade is shown in Fig. 2 and its cross section in Fig. 3. According 
to Rosard’ the blade is subjected, to first approximation, to only 
This stress acts in the z-direction, Fig. 2, and 
varies in this direction as shown in Fig. 4. The negative values of 
o,/o,, are due to the force of the shroud on the blade. In a given 
cross section, Fig. 3, the stress increases linearly with the distance 
from the Jmin-axis, that is, linearly with y and does not vary in the 
x-direction. On the basis of Figs. 2 and 3 the stress is known at 
any point of the blade. The calculation of the stress-distribution 
function, which is carried out in the Appendix, leads to the fol- 


one normal stress. 


lowing function 
o 
f (<) = 7.0063 (0.0009)°/7" — 0.0063 
a 


This expression is plotted in Fig. 5 and it is noted that, similar 
to a cantilever beam, a large part of the blade is at low stress even 
if the maximum stress is high. Equation [5] will be used after 
the second quantity used for evaluating the internal damping has 
been explained. 


3Steam Division, Westinghouse South Philadelphia Works. 
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EXPLANATION OF TERM “ENERGY-ABSORPTION FUNCTION”’ 


The energy-absorption function is the energy loss per unit 
volume during a complete cycle of vibration if the stress is uni- 
This function, so defined, is de- 
termined only by the material and not by the shape of the 


form throughout the material. 


member, contrary to the stress-distribution function. It will be 
denoted hereafter by A U. The magnitude of A U varies con- 
siderably for different materials. It may be so large in some 
cases that it by far outweighs other contributions to the total 
damping, such as slippage, joint, and aerodynamic effects; on 
the other hand, the energy absorption in the materia] may be, 
and often is, so small that it can be disregarded compared to those 
other contributions. 

A U may depend upon temperature and stress history. It 
may further depend upon frequency although no influence of 
frequency has been found in a number of alloys (2, 3). But its 
dependence upon stress is the most important in practice. A U 
will thus be regarded hereafter as a function of stress only, 
and will be written A U(¢). 

In general, there seems to be no simple relation between A U(c) 
and o throughout the entire range of stress, although the observed 
data frequently could be expressed by a simple function within 
a certain range. For example, at large stress A U(o) was found 
(1, 4) to increase, due to plastic flow, in proportion to a power 
of the stress for a number of materials. But at low stresses 
such a simple relationship generally does not exist; this is under- 
standable in view of the different origins of A U(c) at low stress. 
At low stresses, the energy absorption may be caused by the 
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the interstitial diffusion of atoms (7), 
or the magnetomechanical hysteresis (8). These contributions 
to the energy superimpose with the contribu- 
tion due to plastic flow, and explain why the resultant curve 


thermoelastic effect (5, 6), 
absorption 


at low stress often has an odd shape. 

For most alloys A (a) cannot be predicted from physical con- 
siderations. It must be determined experimentally and this 
can be done in a direct or indirect way. A direct measurement 
of A U(c) is feasible if the stress is uniform throughout the speci- 
men during the vibration. This condition is fulfilled, for ex- 
ample, for a specimen tested in Lazan’s ingenious direct-loading 
machine (9) or approximately fulfilled in a hollow torsion speci- 
men with a wall thickness smal] compared to its diameter. In 
these cases the damping test gives A U(c) directly. 

The other method, and the more efficient one, involves deter- 
mination of A U(@) by an indirect measurement. The damping 
test is performed using a conventional specimen, for example, a 
solid torsion bar. Such a specimen can be machined easily, but 
is not subjected to a uniform stress. 
measurement does not give A U(o) but the energy absorbed in 


Accordingly, the damping 


the entire specimen which will be designated by A U(¢a,,) since 


it depends upon the maximum stress. The relation between 


A U(ea) andA U(¢,,) is as follows 


AUe.)= f Avion = V [ avis (*)a 5 
go 0 
J/J0 m m 


For a torsion specimen a simple expression for A U(@) is found. 
Equation [4] is substituted into Equation [6], and Equation 
[6] is differentiated with respect to ¢,,. The energy-absorption 
function is then found as 


1 1 dAU 
A U(o,) = 7 | atic.) + bo aa. (on) | 


In accordance with the prior notation, A U(¢,,) can be written 
A U(a,,) = A U(a) 8} 


For a torsion specimen A U(c) is therefore easily obtained per- 
forming just a simple torsion test and applying Equation {7}. 

In order to demonstrate the procedure, the energy-absorption 
function of the standard turbine-blade material, a 12 per cent 
chrome steel, was determined using the Féppl-Pertz machine (10) 
The curve is shown in Fig. 6 where the shear stress has been re- 
placed by the normal stress, making use of the Mises criterion 
(11). It can be seen that at large stress the measured curve 
(dotted line) can be fitted smoothly by Lazan’s Equation [1] 


A U(c) = Jo*......... [9] 


where the value of the constant J is 2 K 10~** psi~* and where 
n = 5. But at lower stresses, Lazan’s equation does not quite 
hold. The measured values are somewhat larger; this was ex- 
plained in terms of magnetomechanical hysteresis (2). 

This example illustrates the appearance of a A U-curve. More- 
over, it shows one of the differences between the present method 
and the one proposed by Lazan (1). His procedure does not con- 
sider the exact shape of the A U-curve at low stress which seems 
to be, at first sight, a reasonable approximation since the two 
curves in Fig. 6 differ only by a slight amount. However, the 
calculation to be carried out shows that serious errors result 
if the true low-stress damping is disregarded 


INTERNAL DAMPING OF A MEMBER 


The internal damping may be expressed in several ways. Some 
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of its most common definitions are as follows: logarithmic decre- 
ment, relative energy loss per cycle, internal friction, half-width 
at maximum amplitude, stress-amplification factor at resonance, 
and the ratio between velocity-damping coefficient and critical 
velocity-damping coefficient. It can be shown that the con- 
fusingly large number of definitions can be reduced to just two 
stress-distribution function and energy-absorption 
The stress-amplification factor at resonance A,, for 


om , i ( “) 
= o* = 
U T 0 Tm 
hy cree a me. 
Al f avo) s ( ) ao 
0 Tm 


. 


quantities, 
function. 
example, is 


. [10] 


A, is a function of only A U(c) and f(¢/o,,) at a given maximum 
stress. This clearly shows the significance of these two quanti- 
ties. The integration in Equation [10] generally can be carried 
out easily using graphical methods. In other words, the internal 
damping of a member is essentially known if the stress-distribu- 
tion function and the energy-absorption function have been 
evaluated. 

Functions f(a/o,,) and A U(oa) have been determined in the 
foregoing for a typical turbine blade. Using Equations [5] and 
[10] and Fig. 6, it is not difficult to find the total energy absorp- 
tion A U(¢,,), the total strain energy at the amplitude of vibra- 
tion U/(¢,,), and the stress-amplification factor A, of the blade at 
resonance. The values of AU, U, and A, obtained in this manner 
for various values of the maximum stress, using the actual A U- 
curve (dotted curve in Fig. 6) are seen in Table 2. The change 


TABLE2 ACTUAL VALUES OF AU, AND Ar AS A FUNCTION OF 
MAXIMUM STRESS FOR BL ADE 5600 


’ "Sea 
stress-amplificaticr 
factor at resonan 


2 81 
5 9s 
1 


U, 
anabiiem , normal total energy ‘absorbed total strain 
stress, psi per cycle, lb-in. energy, |b-in. 


40000 0.17 2. 
50000 


0.22 3 
60000 0.35 5. 91 
of the stress-amplification factor with stress requires particular 
mention. It is noted that A, increases in the range between 
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40,000 and 50,000 psi; but from then on it decreases up to 60,000 
psi, the fatigue strength of the 12 per cent chrome steel.‘ This 
peculiar variation of A, with stress can be explained on the basis 
of magnetostriction (2). 

Table 3 shows the results of the same calculation if A U(c) is 
taken as given by Lazan’s equation (dashed curve in Fig. 6). 
The difference between these values and those in Table 2 is readily 
apparent. 


VALUES OF AU, AND ArC LATED [oR VARIOUS 
STRESSES USING LAZAN'S EQUATI( 


TABLE 3 


om, U, U, Ar, 
maximum normal total energy absorbed total strain stress-amplification 
stress, psi per cycle, lb-in. energy, » in. factor at resonance 


40000 0.015 
50000 0.038 
60000 0.120 


There are, of course, cases where the low-stress damping is not 
important. This is exemplified by torsional vibration of a shaft 
consisting of 12 per cent chrome steel. Using Equations [4] and 
[10], the Mises criterion, and Fig. 6, the stress-amplification fac- 
tor A, of a shaft vibrating in torsion was calculated for various 
maximum stresses. It is evident from Table 4 that it does not 
make much difference whether the true values of A U(c) are 
used, or Lazan’s equation, if the maximum torsion stress is 35,000 
psi. Needless to say, the low-stress damping would be even less 
important for the torsion vibration of materials that exhibit 
less damping at low stress than the 12 per cent chrome steel. 


COMPARISON OF ACTUAL STRESS-AMPLIFICATION 
THOSE CALCULATED USING LAZAN’'S EQUA- 
TION FOR A TORSION BAR 


-—Ar, stress-amplification factor—~ 
torsion stress, at resonance 
T, psi Lazan's values Actual values 
23000 143 123 
29000 73 71 
35000 43 42 


TABLE 4 
FACTORS WITH 


Maximum 


The two examples have shown that the present method has 
one further advantage. It quickly answers the practically im- 
portant question whether, in a particular case, the low or high- 
stress damping is more effective. This is readily recognized from 
the shape of the two basic functions f(o/o,,) and A U(c). The 
low-stress damping is more effective if the stress-distribution 
function decreases more rapidly with stress than the energy- 
absorption function increases. This condition generally is ful- 
filled for machine members, that vibrate in bending similarly to 
supported or clamped beams, such as turbine and compressor 
In these cases almost the entire internal damping occurs 
in fibers which are at low stress; in other words, the damping of 
these members is essentially caused by the thermoelastic, mag- 
netomechanical, or the Zener effect. This should be mentioned 
because there seems to be the belief that the low- 


blades. 


especially, 
stress damping is of no practical importance.® 

On the other hand, the high-stress damping is more effective 
if the energy-absorption function increases more rapidly than the 
stress-distribution function decreases, or if both functions in- 
crease with stress. This condition is fulfilled, as was shown, for 
a torsion vibration. But these considerations apply to the 
steady-state vibration only. When the transient state of vibra- 
tion is considered, as is frequently done (12), the low-stress damp- 
ing may prove to be more important, even in this case. 


SuMMARY 


A method is outlined by which damping properties of machine 

* At 10® cycles and room temperature according to P. R. Toolin, 
Westinghouse Research Laboratories. 

§ See, for example, reference (4). 





COCHARDT—METHOD FOR DETERMINING THE INTERNAL DAMPING OF MACHINE MEMBERS 


members may be determined in a simple way using the two quan- 
tities: stress-distribution function and energy-absorption func- 
tion. The first quantity depends only upon the shape of the 
member and not upon the material, while the second quantity 
is dependent only upon the material and not upon the shape of 
the member. 

The stress-distribution function can be determined analytically 
in simple cases or graphically for the more complicated parts. 
The energy-absorption function may be evaluated by testing a 
simple shaped specimen in a conventional way. For all practical 
purposes the problem can be considered solved once the two 
functions are known. 

The method is illustrated using practical examples. As a by- 
product, it is found that the low-stress damping is sometimes 
more effective than the damping at higher stresses, and it is 
pointed out that the conclusions of some workers in this field are 
misleading since they disregard the low-stress damping. 
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Appendix 


In calculating the stress-distribution function of turbine blade 
5600, a graphical method will be used: The blade is thought to 
be cut into 20 slices, each 0.25 in. thick, and the problem is ap- 
proximated by assuming the stress o, to be constant and equal 
to the average value of o, in each slice. This then leads to a 
stress distribution along the z-direction as illustrated in Fig. 7, 
if only the absolute value of the stress is considered. The con- 
stant value of the ratio a,/¢,, in each slice will be denoted by A, 
where the index n refers to the number of the slige. Using this 
approximation, the stress-distribution function of each of the 20 
slices is easily derived in the following way: The quantity 


AA Co 
AcaA 
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is determined for the cross section of the blade by measuring in 
Fig. 3 the fraction of the cross-sectional area for which the stress 
lies within a unit interval of stress. Taking A o equal to ('/») ¢,, 
the curve seen in Fig. 8 was obtained and, using the methods of 
least squares, this curve could be fitted smoothly by the analytic 
expression 


oe) +e G)-9 (Gy 


This expression multiplied by A z/l = '/2 represents the stress- 
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- 


distribution function of each of the 20 slices which may be written —_ these 20 stress-distribution functions and thus becomes 


as 
f(a/o,) = (1/20) ¢.,(a/o,,); 
g 1 ff 9 f/o\' Be viii ; » : - 
Fn sate” 5 , = 2 1 
Om 20LA, A, ° \o, A, : — 
Taking the 20 values of A,, from Fig. 7, the stress-distribution 
. ae function for the blade was computed for 12 different values of 
(13) a/o,,. The result is seen graphically in Fig. 5. This curve can 
be fitted again by an analytic function, and the stress-distribution 
if a, is substituted by A,¢,,. function of the blade can so finally be expressed as in Equation 


The total stress-distribution function of the blade is the sum of [5]. 





On Bending of a Flat Slab Supported by 
Square-Shaped Columns and Clamped 


By S. WOINOWSKY-KRIEGER,' QUEBEC CITY, CANADA 


A solution is given in this paper for the problem of bend- 
ing of an infinite flat slab loaded uniformly and rigidly 
clamped in square-shaped columns arranged to form the 
square panels of the slab. The complex variable method in 
connection with conformal mapping is used for this aim. 
Although not perfectly rigorous, the solution obtained is 
sufficiently accurate for practical purposes and, besides, it 
can be improved at will. Stress diagrams traced in a 
particular case of column dimensions do not wholly con- 


firm the stress distribution, generally accepted in design of 


flat slabs. 


STATEMENT OF PROBLEM 


E:T us consider an infinite elastic plate of constant thickness 
supported by rows of equidistant columns and submitted 
to a uniform load, Fig. 1. The column capitals, if any, have 

square cross section as well as the columns themselves if they 
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carry no capitals. The stress distribution throughout such an 
infinite plate is practically the same as that throughout a “‘flat 
slab” or “mushroom slab” of the usual type, provided that ex- 
treme panels and extreme columns of the slab are excluded from 
consideration and that the number of the columns in a row is not 
three at least 


Flat slabs of reinforced concrete are used extensively in civil 


too small Sav, 


engineering, and their correct design is of a primary practical in- 
terest. Stress distribution in such a slab, on the other hand, is a 
stimulating object for mathematical investigation owing to the 
high-degree svmmetry imposed by the geometrical conditions of 
the problem. 

These latter suggest the use of double Fourier series in repre- 
senting the deflection of the plate (1),? but the solution in simple 

' Professor of Structural Engineering, Laval University. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 29—December 4, 
1953, of Tae AMERICAN Soctety oF MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 11, 1954, for publication at a later dat». Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 21, 1953. Paper No 53—A-60. 


series (2), although less elegant, is more convenient for numerical 


computation of stresses A connection of the stress distribution 
in a flat slab with the double periodic properties of the elliptical 
A. Nadai (3 


case of concentrated column reactions 


functions first was established by in the parti ular 


and (2) both assume these reactions as uniformly 


load 


This assumption 


References (1 
distributed over the area of the squ ire-shaped ¢ apitals, the 
being distributed uniformly over the plat 
greatly simplifies the encountered problem; it disregards, how- 
ever, the actual conditions of the deformation of the slab round 
the column. In fact, the capital of the column is extremely rigid 
in comparison with the plate, and the assumption of a built-in 
edge along the boundary of the capital responds better to the real 
conditions of the deformation of the slab than any other supposi- 
tion. 

If the capitals are circular, the slab in the vicinity of the column 
can be considered as a cantilever circular plate clamped along the 
edge of the capital. Turneaure and Maurer, American engineers 
first succeeded in estimating the radius of such a fictitious plate 
A solution credited to } 


Tolke (4) based on a similar idea is exact enough to meet all prac 


with a fairly good approximation. 
tical demands; unfortunately, the results of Télke are not ap 
plicable to a slab on square capitals, which is the conventional 
type of the flat slab. 

The method of 
handling the stress distribution in flat slabs (5, 6, 7) is, 


finite differences used by many authors in 
in prin- 
ciple, applicable to any given boundary conditions. However, 
it becomes less appropriate if a considerable stress concentration 
must be expected, as it is near the corners of a square capital 
rigidly connected with the slab. 

The method used in this paper originally was developed by 
Muscheli8vili (8 


problems in elasticity (9 


to handle the two-dimensional and the torsion 
It has been altered and applied to the 
theory of bending of anisotropic plates by 8. G. Lechnickil (10 
and recently used by several authors (11, 12) in treating some 
problems of stress concentration around variously shaped holes 


in plates subjected to tension or bending 


Some ResULTs OF THE COMPLEX VARIABLE THEORY 


Let us consider a plate which carries no surface load and is 
submitted merely to shearing forces and couples applied along its 
edge. The deflection w of the plate then obeys the bipotentia! 
equation AAw = 0 and is, therefore, expressible (13) in the form 


w(z,y) = R[z®{(z) + X(z [1] 
where ®(z) and X(z) are some analytical functions of the complex 
variable z = r + ty. The bending moments M,, M,, the twisting 
moment /,,, and the shearing forces Q,, Q, are obtainable from 
Equation [1] by usual differentiation with respect to z and y (14 
Three complex combinations of the foregoing quanvities are ex- 
pressible by the formulas 


M, + M, = — 2D(1 + v)[@(z) + @ 
M, —2iM,, = 2D(1 — v)[z@"(z) + V'(z)} 
Q, — iQ, = 41DO"(z) 


‘(z)] 
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in which D is the flexural rigidity of the plate, »y the Poisson’s 
ratio, and, finally 
dX(z) 
WV(z) = ie [3] 


dz 


Suppose now the plate forms an infinite region around a hole, 
the origin of co-ordinates zr = 0, y = 0 being inside the hole, Fig. 
2. The plate may be submitted to a system of bending couples 
and shearing forces acting along the edge C of the hole and to 
another similar system acting at infinity. With regard to the 
problem under consideration, we assume the resulting moment 
vector of each previous system of loading to be zero. Under this 
restriction the functions contained in Equation [1] are of the 
form 

_ 
|= - log z + ®*(z) 
81D [4] 


A log z + X*(z) 


where Po, positive in the direction of positive deflections w, is the 
resultant of the shearing forces applied to the edge C, while ®*(z) 
and X *(z) are functions, single valued and continuous throughout 
the region outside C. 

Now, let s denote the arc of C and n the exterior normal to C, 
Fig. 2. Furthermore, let w and Ow/On, or Ow/ds and dw/dn 


S 
y 





A 
. 


InTeR1IOoR BounparRy (C or SLAB 





Fic. 2 


(which is the same but for a constant), be some given functions 
on C. One boundary condition on C then can be written as 


@(z) + 2zP’(z) + W(:) ad a(n + ow 15] 
; on Os 


in which @ is the angle between z-axis and n, and the second 
boundary condition is a conjugate of Equation [5)}. 

Next, let us map the given infinite region of the plate into the 
region | {| < 1 interior to the unit circle yy by means of the 
transformation 


z = w(f).. [6] 
in which ¢ = pe. The curve C then is mapped on the unit 
circle y and the rectangular co-ordinates z, y are replaced by 


curvilinear co-ordinates p = constant, 6 = constant, Fig. 3. 
Writing for brevity 


P(z P[w()] 
X(z) = X[o(f)] 
V(z) = V[w(t)] 


of) 
x(y) 
we 


and, furthermore, introducing the notation 
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u(t) = eS? :; ...- [8] 
w (¢) 
the following system of equations can be established between the 
bending moments, the twisting moment, and the shearing forces 
which, this time, refer to an element of the plate bound by two 
curves p = const and two curves # = const 


2D(1 


2D(1 


Moe+M, = 


p'w'( 
4p 


iQ 
. pw (ft 


In order to simplify the boundary conditions let us put 


eee [10] 


for a point on the unit circle y. Then Equation [5] allows a 


transformation into the form 
w (co) 
g(a) + 2S 


+ ¥(o [11] 


= e'@ (2° + i ~) 
o on Os 
must be expressed through the variable o, 

Next, let us submit a plate without a hole to some bending 
couples and shearing forces at infinity and, possibly, to a load P» 
concentrated at z = 0, y = 0. Let the corresponding stress dis- 
tribution throughout the plate be defined by some functions 
¢o(£), ol €) referred to the curvilinear co-ordinates. Introducing 
once more the interior edge C let be w = 0, Ow/dp = 0 on the unit 
circle y which is the image of C. The resultant of shearing forces 
at C then is equal to — Py and the resultant of bending couples 
may be zero according to supposition. 

The final stress distribution throughout the infinite plate out- 
side C then will be governed by some functions 


= f, q 
w'(o) f+ th 


in which the function 


ow Ow 
+ 8 
or oY 


of) = g(t) + gt) | 
WS) = WlS) + VS) | 


where ¢.({), ¥-({) are two compensating functions chosen in a 
manner as to satisfy the just mentioned edge conditions by the 
combined functions, Equations [13]. Substituting these functions 
in Equation [11] and making 0w/O0n = dw/ds = 0 on ¥ we arrive 
at the boundary condition 

ode) + w(o) 


w'(a) 


| ee + 


is expressed in terms of both given functions ¢go({) and yo(f). 
As for the second boundary condition, it is, once again, a conju- 
gate of Equation [14]. 

Taking both unknown functions in form of expansions? 


Ge(a) + Plo) = fio + tfe®..... [14] 


in which, this time 


wo) — 
¢o'(o) + ie) | .. [15] 


w'(o) 


3 It can be shown that the initial term either in the first of both ex- 
pansions or in the second one can be nullified without any loss of 
generality. 
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¢(f) = a + at + arf? + asf? 4 
vf) _— Bg + Bf? + Bx? 7 ois « 


observing that { = o on yY, and finally using Equation [14] and 
its conjugate, the values a and B could have been determined by 
equating to zero the coefficients of successive powers of ¢. The 
determination of the functions ¢.({) and ¥.({) is, however, much 
simplified by application of Harnack’s theorem.‘ Hence multi- 
plying both sides of Equation [14] by do/2mi(o — ¢), in which 


[16] 


¢ denotes a point inside y, and integrating the result along y one 
obtains the first of the following boundary conditions 


l w(o) do 
eS) + = ~ g(a) 
2mi J, w'(c) o- 


1 do 
imi f ue if5— [18] 
while the second one is derived from a conjugate of Equation [14] 
by a similar procedure. If wo(z, y)is a biharmonie function, de- 
fined as such by go({) and Wo({), the expressions f;° + if:® are 
given by Equation [15]. In the event of a surface load the func- 
tion wo(z, y) is no longer biharmonic and the expression, Equation 
[12], then must be taken for substitution. 

The exact mapping of the infinite region with a square hole into 
the interior of the unit circle should be performed by means of the 
taken for instance in the 


Schwarz-Christoffel transformation 


form 


1¢ 
wn f 
1 


[19] 


| 


where # is a constant. As |/| 2 
panded near the infinity and the integration gives 


1, the integrand can be ex- 


w=R(}—l pst 
§ ob 

The initial terms of this expansion rather than the exact trans- 
formation will be used in further consideration, a procedure 
usually followed in solving problems of stress concentration 
around a polygonal hole (12). 


CONSTRUCTION OF SOLUTION 


Returning to the basic problem, let us consider an annular 
region of the flat slab bounded by the contour line C of the 
capital and the straight lines z = +a/2, y = +a/2, Fig. 3. By 
means of the previous transformation this region is mapped 
into a region contained between the unit circle y and some 
closed curve inside this circle. In order to simplify the solution 
the expansion Equation [20] may be restricted to 


p= u(t) = R(?— 25) 


t 6 (21) 


‘See, for instance, reference (9), p. 160. 
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Since ¢ = pe*® this transformation leads to the relations 


(= 6 p* cos =) 
r=R : . 
p 6 


R (“" 0 P p’ ain *) 
p 6 } 


Putting in particular p = 1 one finds that the image of the unit 
circle has the shape shown in Figs. 3 and 4, and this shape will re- 
place the square contour of the capital in all following considera- 
tions. 

Letting q be the intensity of the uniformly distributed load we 
find that the deflection w of the annular region of the plate must 
satisfy the following: 

(a) The differential equation AAw = q/D. 

(b) The conditiens of symmetry with respect to the axes z = 

=0,andr+y=0 

(c) The conditions w = 
Ow/Op on Y. 

(d) The conditions of symmetry 0w/dr = 0,Q, = Oonz 
a/2, which, by condition (b), also secure the symmetry on z 


-a/2 and y = +a/2. 


0, Ow/On = 0 on C, ie, w = 


Making a temporary use of polar co-ordinates r = (2? + y?)'’?, 
¢ = arctan(y/z) the conditions (a) and (b) are satisfied by taking 


w(r, @) in the form 
[23] 


in which 
th qr* 
Wy = Wog + We WIN Wy = ——.. 

64D 

‘ th qa*r*? R 
Ww, = Wo w., With w, = - log 
P P cp P 

7D r 


Wa = Won + Wea (rn = 1, 2, 3, 4, 5) with 
qr* 
wo = GR*r?, wor = gr‘ cos 4¢, wa = Re cos 4 


q" qr” 
es =, 008 8¢, wos = Re 8 
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where, furthermore, w,,, W,,, Wen are some biharmonie functions, 
and A, some coefficients. All functions contained in Equation 
[23] may hold throughout the infinite region of the plate outside 
C; they hold accordingly throughout the interior of y after trans- 
formation 

The function wog, 
tion AAw = q D and the corresponding uniform load is qa’? lor 
Similarly, the function wo, represents the 
The re- 


especially, is a particular solution of the equa 


one panel of the slab. 
action of a load Py = — qa? concentrated at the origin. 
sultant of shearing forces produced by wog + Wop on C is there- 
fore in equilibrium with the load distributed over the annular re- 
gion inside the square r = +a/2, y = +a/2. 

As for the seven compensating functions Wegy Wepy Wen they must 
be chosen in a manner as to fulfill the conditions (c) by each of the 
combined a problem easily solvable by 
means of the method of com} lex variable. Finally the condi- 
tions (d) may be satisfied by making Ow/Or = 0 at the points 1, 2, 
3, and by making Q, = Oat the points 1 and 3, Fig. 3, which can be 
done by a suitable choice of the five’ parameters A,, still availa- 
ble. 


functions wy, Wy, Wa, 


DETERMINATION OF Set OF FUNCTIONS w, 

Every given function wop, Won being expressed by two harmonic 
functions Py(z), Xo(z), the associated function Wo(z) is readily ob- 
tained from Equation [3] and the functions ¢o(£), xo({) then are 
found by means of Equations [7] and [21]. Next, the coefficients 
a of the power series for ¢({) can be determined from the 
boundary condition, Equation [17], and the function ,(¢) then 
is found from the boundary condition, Equation [18], by integra- 
tion. The relation 


xe(F) =e (HPA) = 


gf? 4% 
‘let 9 


which follows from Equations [3], [7], and [21] defines the last 
yet unknown function x,(¢) and the final expression now is given 


by ° 
wilt) = Rio) gealF) + xO]. -- .. . [28] 


where ¢, = Gon(€) + Gen(E) and xn(F) = xon(S) + Xen(F). 

A slightly different proceedure needed to find the nonbiharmonic 
function w, is exhibited in the Appendix. 

The seven functions w,, w,, wv, constituting the final solution 
are assembled later, together with the associated functions 
YonlO), Xor(O), Gal), and x,(). It is easy to verify that all 
partial solutions fulfill the boundary conditions w, = 0, 0w,/dp = 
0 on p = 1. The data concerning stress distribution and readily 
obtainable from Equations [9] may be restricted here to formulas 
for the bending moments 7, and We = vM, acting along the edge 


C of the capital. 


qR* (’ 
uw = 
-_ 64D \p? 


qk’ 
3456D 

qR* 
27648D 


Function w, 


= (7303 — 6f7 


Xo = (2116 log ¢ — 296¢* + 24¢* — 383) 


5 By results of Télke’s solution (4) the suppression of the condition 
Q: = 0 at the point 2 is justified by the choice Po = —gqa’, 


JOURNAL OF APPLIED MECHANICS 


uv, = 
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aR 
[1296p -*— 1149 + 1449! — 292p* +p? +6348 log p 


* — 82944D 
- 24p") cos 46 


(S64 1752p? + 888p* + 24° 


72p* 144p* + 72p*) cos 88]. . . [31] 
qk? 22 11 cos 40 + cos 80 
oe: ae —— - [32] 
36 5 + 4 cos 40 


Function 
p 
qa* 


87D 


qvR 
6¢ 
288rD ~ 


qa?k? 


Xp 288r D 


qa*R? ? : 
— + 6(p* 4) eos 40 
2887 D - , , eo 


- (36p 13 + p* — 129? cos 40) log p]} 


qa? 4 — cos 40 


M 
° 3m 5+ 4 cos 40 


Function uw; 
qk? 


ya D a 


[39] 


12ghk? 


L 4 cos 40 - 


Function w 


4qR* 

D 

>4 

= gk , 2 4 9¢8 


> | lame 12 log ¢) 


1) — 12 log p + 3(p-* tp? + 3p*) cos 46) 


+3 


- Y6gR? 5 + 
5 


Function w 


qz° 
go: =-— 


“pr? * 
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\ 


gk* 
18D 


4 


(1st ~ 15¢-1 — 100f? + 15") 


9 


20 
(sesr — 48f* — 3 520 log ‘) 


: 20 “ 200 p* — 520 log p 
3 3 
(12p-? 60p* 


+ 48p*) cos s0| [47] 


328p' 10p"*) cos 46 


40gR? 9 + 22 cos 46 1 cos 86 
3 5 + 4-cos 40 


M, = 


Function w, 


284 4 21¢8 + 28 log ¢) 


- p*) + 28 log p 


(4p~* 28p? + 28p' tp'®) cos 10 


+(3p-* — 24p® + 21%) cos s0| 


VW. = 224 oR? | 4 cos 80 
= 5 + 4 cos 46 


Function ws 
qz? 


= pre Xe = 9. 


Fos 
145.8144, 
0.364335, 1.37201 A, + 


- 31056.06A, 


418.7924, 
0.0658462 A; 


R’ 
= (6¢-9 
ae 


qR* {43 

“ (2 
gR* 

~ 288D 
— (432p-* — 3744p? + 3840p* 

+ (288p-'° + 72p-? — 3168p* + 2880p° 
—(48p-* — 432p'® + 384p'2) cos 126) 


a © 


[54] 


9F-§ + 6F-! + 7953 — 66F7 + OF") 
>. 


— 160¢4 + 120¢8 — 16f!2 + 182 ioe) 
J} 

[288p-* + 344 — 632p* + 4368 log p 

528p'°) cos 16 

72p"*) cos 86 

[55 

u ‘ck? 75 + 32 cos 40 — 296 cos 86 + 48 cos 120 

re SSS 5 + 4cos 40 ’ 


In all previous expressions for gon and xo, one has to put 


1 1.» 
r= R(t — jr) 


+ 5657.000A, + 1536454 
1996644, + 
363.440A, + 3463.77A, + 23229.34; 
1678100A 
0.790155A, + 5518374 
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FINAL SOLUTION FoR c/a = 0.2 


Let us establish the numerical solution of the problem in the 
particular case of c/a = 0.2, Fig. 3. By equating the area of the 


column section as given by Equation [22], that is the value 


“#4 11 
$ (rdy— ydzr) = rR 
6=0 12 


= (). 589277 and, 


A= 


to the area A = c? of a square, one obtains R/« 
0.11786. Now the position of the 
1, 2,3 is given by 2, 2 = 7; = 0.5a = 4.2425R =O0,¥ = 


2.12125R, ys = —4.2425R or, in curvilinear co-ordinates, Equa- 


furthermore, R/a = points 


tion [22], by 
pi = 0.234522, 6, =0 
p2 = 0.210845, 6, = 0.1474837 


ps = 0.1666937, 6, = 0.257 


The angle @ between the x-axis in the direction of the increasing 


p, Fig. 3, at point 2 is given by 
2 sin 6, p»* sin 36, 
4 + 4p.‘ cos 46. + p.* 


sina = = ().446082 


and cosa = 0.894992. The conditions of symmetr 


now can be written as 


ow 
Op 


=Q0, Q, = Oat point 1 


1 Ow 
sin a = 0 at point 2 


= (), Q, = Oat point 3 


op 


where w(p, 9) must be taken in the form of Equation [23 


the shearing forces Q, are defined by the third of Equations 


while 
19 

After having performed all necessary computations the five 

previous conditions yield the system of Equations [61] for the 


parameters A,,. 


764.082 
19.00080 


1951.999 


+ 84462200A, = 
237141000A; = 
5172280004, = 
3624302000A, = 2328.533 
2574310000A, = 35.0010 


+ 37200944, 
10.07785A, + 
19325970A, 

+ 80545380A, + 
+ 1. 8493864, 


The solutions of this system 
A, = 5.4179324 
A, = —0.00662653 
A; = 0.00008059416 
Ay = —0.00000030850 
A; = 0.000000003820 


being finally introduced in Equation [23] make the solution of 
the problem complete and the stress distribution throughout the 


panel of the slab is now easily obtainable. 
BENDING MoMENTs for c/a = 0.2 
Table 1 contains the values of the bending moments in various 
points of the slab together with the corresponding values obtained 


by the usual theory,® distributing the column reaction uniformly 


* See references (1, 2). 
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Fic. 4 Distrisution or BENDING 
AND »¥ 


0. 


(Reactive moments Mp and My 2 





Moments M,, My, Mp, ano Me ror a Untrorm Loap, c = 0.2a, 


0.2 


Mp acting along edge p = 1 of column are plotted in radial direction not 


coincident with normal to edge.) 


TABLE 1 MOMENTS 


NUMERICAL FACTORS k FOR BENDING 
M = kqa? OF SLAB 
= 0.2 


e/a 
Position 
in Fig. 4 Usual theory 
0.0268(1 + ») 
0.0268(1 + ») 
0.0544 — 0.0287» 
—0.0287 + 0.0544» 
—0.0319 — 0.0807» 
—0 0807 — 0.0319» 
—0 .0622 — 0.0927» 
—0.0927 — 0.0622» 


Present theory 
0.0220(1 + ») 
0.0220(1 + ») 
0.0393 — 0.0225» 

—0.0225 + 0.0393» 
—0.3942 
—O0 3942» 
—0 .0626 
—O0 . 0626» 


Moment 
M:z 
My 
M;: 
My 
M, 
Ms 
M:z 
My 


< 
t 


<= 


? 
tio wR twa 
2 


© 


/ 
wr 
4 


© 


over the area of the square capital. A diagram of bending 
moments computed for vy = 0.2, which is a good average value of 
Poisson’s ratio for the reinforced concrete, is given in Fig. 4. 

The following conclusion can be made from consideration of 
Table 1 and of the moment distribution shown in Fig. 4. 

1 All positive moments and the negative moments in the cen- 
tral part of the panel are considerably reduced by the restraining 
effect of the columns. 

2 Contrary to the usual assumption the distribution of the 
negative moments M, along y = 0 (respectively of M, along 
x = 0) is nearly uniform between the columns, a fact making 
allowable a more economic design of the slab. 

3 According to the usual theory the moments M¢ at the sup- 
port are larger than the corresponding radial moments M, and 
both vary but little along the edge of the capital. By the theory 
here established the moments Mg = vM, become secondary as 
compared with the moments M,, which are moderately large 
near the middle of the side of the square support and increase 
progressively toward its corners. 


By keeping still more terms in the expansion Equation [20] 
one obtains a series of shapes approaching rapidly the exact 
square. The fact that the radius of curvature at 6 = 45 deg then 
is steadily decreasing justifies the assumption that the theoretical 
stress concentration.at the corners of the capital will increase in- 
finitely at the same time.’ The actual stress concentration is 
bounded of course by the elastic limit of the material of the 
plate. Its plastic deformation may produce somewhat the same 
effect on the stress distribution as a slight rounding off of the 
square shape of the support, assumed in this paper. 


EXTENSION OF SOLUTION ON FurTHER CaAsEs 


The accuracy of the solution might be improved not only by 
use of a more exact mapping function as noted previously but 
also by satisfying the symmetry conditions on more points along 
the center lines of the panels and by increasing the number of the 
functions A,w, accordingly. The practical value of this more 
elaborate procedure is, however, questionable since the anisotropy 
of the reinforced slab and the effect of shear deformation (15) in 
the vicinity of the columns are likely to cause greater errors than 
the mathematical shortcomings of the first approximation, used in 
this paper. 

More important appears the extension of the solution on flat 
slabs with rectangular panels and especially on the load distribu- 
tion shown in Fig. 5 and giving, in combination with the uniform 
load, maximum bending moments at the center of the panel. 


7 One is led to the same conclusion by considering the results ob- 
tained for stress distribution near a square hole in a plate subjected 
to tension, see reference (12) pp. 68-72. 
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Both cases can be handled by a suitable change of the symmetry 
properties of the fundamental expression Equation [23] with re- 














Fic.5 Avrernatinec Loap Distrisution Over SLAs 


spect tothe axes randy. In the instance of rectangular columns 


the Mappin; 
with the symmetry in the form of solution. 


Function [19] must be altered accordingly, together 


CONCLUSION 


The application of complex variable theory leads to a solution 
sufficiently accurate for the purpose of the design of the slab and 
appearing in a closed form, convenient for the numerical compu- 
tation of thestresses. The bending moments throughout the panels 
of the slab prove to be smaller than those obtained by the usual 
theory. As for the moments at the support, a considerable stress 
concentration, although of a localized character, must be taken 
into account at the corners of the supporting capitals. The fore- 
going method appears also applicable to flat slabs with rectangu- 
lar panels or rectangular-shaped columns, as well asin the event of 
an alternating distribution of the load. All results previously ob- 
tained hold as well for a “reversed flat slab,”’ i.e., for a mat founda- 
tion carrying a system of equidistant columns in rigid connection 
with the slab, provided the soil-pressure is distributed uniformly. 


Appendix 


DETERMINATION OF FUNCTION wy 


Assuming wg = g(z? + y?)?/64D, the problem is to find a bi- 
harmonic function weg such as to make both w, = wog + w,, and 
ow,/dp zero on ¥, i.e., for p = 1. Observing that 
q(x? + y?) 


“s 16D y 


OWog g(x? + y?) Dwg Be: 
_ : = = [63] 

or 16D Oy 

and using consecutively Equations [12], [22], and [10], one ob- 

tains on Y 


gk8 (2 
1152D \o> 


and furthermore, by integration 


ih +m. « (@ ¢3 27), 
ani J, o—f 1152D\3° ' 


q(x? + y?) 
-ife = . z= 
. 16D 


. [65] 
for the right side of Equation [17]. On the left side of the same 
equation one has 


13¢ 


w(o) o _ 
6(204 -+ 1) 


: [66] 

w'(o) 6 
since w(f) = ¢-! — £3/6. Next, using the expansion ¢,,(¢) 
= @% + af + af? +... for substitution in Equation [17] one 
arrives at 
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l3e 


6(204 4 


This result is obtained most simply by use of the following 
formula, concerning the integrals of Cauchy’s type; let 


F(l) =ao + at + af?*+... [68] 


Then 


be a function holomorphic inside y and continuous up to ¥. 


‘ = 
on 
l ao Fi¢ eet 2 » . 
do = &{* + 4 F482 +... 
> - 
ofl. oO 4 


¢ inside y andk = 0, 1, 2,... 
now yields zero values for all coefficients a, ex- 


{Ou 


revery 
Equation [17] 
cept for a; and a; and the result then is 


ae -_ 
= (73 6¢7) 
3456D ‘*”* ° 


r 


¥eq 
In similar manner we obtain 


gk? (2 
if, = — - 
; 1152D \o’ 


which leads to the expression 


do 
I (f, — tf, 
2m J, o § 


on the right side of Equation [18], while the integrand on the left 


(76 
1152D 


side is given by 


130% 


6(2 + ot) 


w(o) l 


w'(o) 60 
and 
gh* 


(730 


Po (o ) 
is 1152D 


Now the second term in Equation [18] 


(: 1303 ) Be 14o* 
do = 
, o 


2+ oa g c 


qk 977¢5 — 168¢° 
73f3 — 
6912D 2+¢ 


can be obtained by means of the theory of residues and the result 


gk? 1 
6912D 2mi 


gR*? 1058¢ — 592¢° 


Vee - ~ 9 


6912D 2 


+ 966° 


+o 


then is readily established. Next, taking into account Equation 


[27] we have by integration 


qk* 


(2116 log ¢ 
27648D mes 


29654 4+ 24£%) + « 


Xeq = 


in which ¢ is a constant. The function wo,, but for this con- 


stant, now is defined by the fundamental relation, Equation [28}, 


@ 
while the constant ¢o is obtainable from the condition wog + w., 
= Oon y. The final result then is that given by Equation [31] 


Lastly, let us determine the bending moments which correspond 


® See reference (8) p. 275. 





270 
to the nonbiharmonie part wo, of the solution. According to 
Equation [24] 


V = 1 + 


p Vv DAw 1 

and in order to express this sum of moments in terms of p,4? we 
have only to use Equation [22]. As for the difference Mg M, 
it ean be obtained most simply by means of the relation 


2iM,, pra [79] 


Mo — M, —2iM,s = (M, — M, 


which results from purely geometrical considerations.? The 


ents .M,,.M,, M, 


from the « XPTession Woe = 


, herein contained are readily found 
64D by usual differentiation!” fol- 


bending io! 
lowed by transformation, while the factor e*“ is given by the 


formula 


to the part Weg of the deflection they 


] in which the Functions [70] and [77 
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Impulsive Response of Beams in the 
Elastic and Plastic Regions 


By W. T. THOMSON,? LOS ANGELES, CALIF. 


The problem of the impulsive response of a beam in the 
elastic and plastic regions is discussed. The beam in 


the plastic region is simulated by yield hinges where the 
moment reaches a constant yield value. Transition from 
the elastic to the plastic beam, including the satisfaction 
of the initial conditions imposed on the plastic beam, is 
accomplished automatically in terms of the normal! mode 
A practical computing scheme making 
described. 
the 


solution of each. 
use of the electronic analog computer is 
Some elastic-plastic solutions obtained by com- 


puter are presented. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


deflection at z at time ¢, in 


y(z,t) = 
intensity of load at z at time ¢, Ib per in. 


pr,t) = 
= m,m(rc) = mass per unit length, lb sec? in. 
reference mass per unit length, lb see? in. 


nondimensional mass distribution 
Young’s modulus, psi 
moment of inertia of beam cross section, in.‘ 
normal mode deflections of original beam (non- 
dimensional ) 
normal mode deflections of beam with moment 
hinge (nondimensiona] ) 
natural frequencies of original beam, radian/sec 
(rps) 
natural frequencies of hinged beam, radian/sec 
length of beam 
eigenvalue of normal mode equation (nondi- 
mensional] ) 
time-dependent. coefficient of deflection expan- 
sion, in. 
time-dependent. coefficient of loading expansion, 
lb in. 
= total load at f(t) = 1.0, (Ib) 
= space distribution of loading (nondimensional ) 
time distribution of loading (nondimensiona! ) 
participation factor defined by Equation [12] 
(nondimensional ) 
Dt) = dynamic load factor defined by Equation [14] 
(nondimensional 


1 Research underlying this paper was conducted at the University 
of California at Los Angeles under Contract Noy 73231 with the 
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Port Hueneme, Calif. 

2 Professor of Engineering, University of California, Los @ngeles, 
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Division, Berkeley, Calif., June 21-23, 1954 of Tue American Soct- 
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addressed to the Secretary, 
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Discussion 


of the Society. 
Division, December 15, 1953. 


= unit impulse function at rz = a, (in 

= moment, |b-in. 

= slope at x at time ¢ (nondimensional 

= time at which moment reaches a vield limit 

= time corresponding to maximum hinge rotation 


E-vastic-PLastic RESPONSE oF A Beau 


When a beam of any stiffness and mass distribution is excited 


by a force of arbitrary space and time distribution, its response 
in the elastic range can be expre ssed in terms of its normal modes 


of oscillation. The development of these e« various 
t\ pes ol loading are given in the Appe ndix 
When the beam is loaded bevond the elastic 


lem becomes too complex to solve without simpli 


prob- 
issump- 


A solution is possible, however, under t lowing as- 


tions 
sumptions: 


behavior represents 


1 The region of plastic 
of the beam span 
2 The plastic zone constitutes a yield hinge 


the mo- 


ment reaches a constant yield value. 
3 The positions of the vield hinges remain unchanged 
4 The beam sections between vield hinges behave elastically 


and are excited by forces and moments developed at the hinge 


of the original beam. 


he de. 


Briefly, the problem in the elastic-plastic rang: 
Letting (2) be the normal 
elastic beam with its original constraints, and W,(.r) th 
modes of the plastic beam with the yield hinge o 
equations in term of @,(z) apply until a vield hinge is formed 
After 4, the response of the beam must be expressed in 


modes of the 


scribed as follows: 
normal 
r hi 


ges, the 


it 


time f). 
terms of V(x 
beam at 4, now become the initial conditions for the plastic beam 


where the deflection and velocity of the original 


The moment at the hinge now remains constant 


with the hinge. 
while the beam continues to deflect 


of ¥,(z) apply until the angle of discontinuity at the hinge reaches 
it the 


The equations in terms 


4 Maximum value, say at time &, after which the moment 
hinge returns elastically. The third phase subsequent to ¢ 
now be expressed in terms of @,(x), the deflection 
of the plastic phase at 4 becoming the initial conditions for 
to torm 


must 
ind velocity 
the 


third phase It is possible, however, for a second hinge 


before the angle of discontinuity at the first hinge reaches a maxi- 


mum value, in which case the beam mav bhecor linkage 
capable of sustaining load by axial tension 
The description just mentioned has been followed without 


§ Genera the mathe- 


modification by other investigators (1 


matical difficulties encountered in transposing trom one con- 


figuration @,(z) to another (a 
tions are so great that only a few simple problems cou 


with its necessary initial condi- 


by such a scheme 
The procedure to be described here follows the 


behavior described previously without the difficulties of 


juence ol 
trans- 
posing from one beam configuration to another. The initial 


conditions at time (; are also satisfied automatical) The pro- 


cedure is best illustrated by the following examp| 
* Numbers in parentheses refer to the Bibliography at the end of 


the paper 
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CLAMPED-CLAMPED BEAM (SCHEME 1) 

Consider here a clamped-clamped uniform beam loaded by a 
concentrated force of arbitrary time variation f(t) at the mid- 
span as shown in Fig. l(a). For such a configuration, the dy- 
namical moment at the clamped ends at the end of the elastic 
range is approximately 1.6 times that at the center, and hence 
the yield hinge will first form at the clamped ends, and then 
later at the mid-span. 


M (6,1) R f(r) 


| | 


A $x) 





R f(t) 
M (o,t) . 
’ in | 





. 


er, Yim, 2, 
Fig. 1 


Fig. 1(b) shows the hinged beam loaded by the same force at 
mid-span and also by the end moments M(0, t) developed in the 
clamped beam. Thus the two configurations (a) and (b) should 
give identical results, the only difference being that in (b) the re- 
sponse is expressed in terms of ¥,(x) with natural frequencies 
Q; whereas in (a) the equations are expressed in terms of ¢,(z) and 
w,. In the last section of the Appendix it is shown that the two 
results are identical in that the quantities in terms of the natural 
frequencies 22; of the hinged beam cancel out leaving only quan- 
tities in terms of the natural frequencies w, of the clamped beam. 

Having established the fact that (b) is identical to (a) even 
if the equations are generated in terms of ¥,(z) and Q,, it is a 
simple matter to go from the elastic into the plastic region by 
merely limiting the moment (0, t) at the yield value. It should 
be noted that the initial conditions are then automatically satis- 
fied since configuration (b) applies to both the elastic and plastic 
regions. 
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Fig. 2 shows an analog-computer circuit to carry out the fore- 
going operation. As described in a previous paper (2), the com- 
puter generates the dynamical load factors D,(t) which can be 
summed with proper space coefficients to obtain deflection or 
moment at any point. The computer is then calibrated for a 
step-function input, after which the response for any time varia- 
tion of input becomes known. 

In Fig. 2 the first two symmetric modes of the clamped beam 
are summed to develop the deflection at the center and the mo- 
ment at the clamped ends. If the configuration of Fig. 1(b) is 
used, the end moment is passed through a limiter and applied 
together with the central load to the modes of the hinged beam. 
With proper settings of the potentiometers, the output of the 
hinged modes can represent deflection at any point. It should 
be noted here that when the limiter is by-passed the two de- 
flections, Fig. 1 (a and 6), must be equal except for a constant 
multiplier. The effect of the limiter then is equivalent to apply- 
ing a moment opposing part of the elastic moment. 


CLAMPED-CLAMPED BEAM (SCHEME 2) 


The computing scheme shown in Fig. 2 has certain practical 
disadvantages. As mentioned previously the terms in the dy- 
namic load factor containing 2; must cancel in the elastic range, 
leaving only terms relating to the original clamped modes of fre- 
quency w,. In many cases the terms to be canceled are larger 
than the terms to be retained, thereby imposing a serious accu- 
racy requirement on the computer (3). 

To avoid this difficulty a second scheme of Figs. 3 and 4 is pro- 
posed. Fig. 3(a) is now equivalent to the superposition of Fig. 
3 (b and c) where the constant yield moment is obtained by the 
difference between the elastic moment M, and the plastic moment 
M,. The beam (c) has zero deflection up to time é, after which 
the deflection in the plastic region is given by the sum of (b) and 
(c). This procedure then requires no cancellation of modes and 
hence avoids the difficulty mentioned previously. 
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The computer for the second scheme of Fig. 3 is shown in Fig. 4. 
A photograph of the computer is shown in Fig. 4(a). Referring 
to the equations in the Appendix, the upper banks of the com- 
puter generate the elastic deflection at the center, and the elastic 
moment at the ends, of a fixed-ended beam. The elastic moment 
is passed through a limiter, the difference between the limited 
and the unlimited moment being applied to the ends of the pinned- 
pinned beam for which the dynamic load factor is generated by 
the lower banks of the computer. The upper and lower banks 
are then summed with proper multiplying factor to give the en- 
tire response through the elastic and into the plastic region. The 
results are then valid up to time f corresponding to the occur- 


rence of the maximum hinge angle or the formation of a second 
hinge at mid-span. Equations pertinent to the circuit of Fig. 4 
are given in the Appendix. 

The motion of the beam subsequent to time & needs considera- 
tion only if a second hinge does not form. In this case the beam 
ends must be suddenly clamped at time /, as shown in Fig. 5 and 
the subsequent motion must be elastic with initial displacement 
and velocity imposed by the previous configuration of Fig. 3 at 
time tf. The maximum hinge angle 0msx now remains fixed while 
the dejlection and hinge moment decrease elastically until a yield 
moment in the opposite sense is reached. 

A computer to accomplish the latter phase of transition from 
the plastic to the elastic motion entails some difficulties which 
are undergoing study at present. One possible approach is to 
assume the velocity of the pinned-pinned beam at time & 
to be zero everywhere instead of only at the hinge. This is 
equivalent to ignoring the velocities of the higher modes of the 
pinned beam. With this assumption the computer generating 
M,, and the deflection of the pinned beam can be placed on 
“hold,” in which case the subsequent displacement and hinge 
moment becomes the superposition of Fig. 3(b) and the frozen 
configuration of Fig. 5 including M,. 

Computer Solutions. The machine solutions presented here 
were obtained by the second scheme shown in Fig. 4 and apply 
to the clamped beam with the central load. In Figs. 6 and 7 the 


View or CompuTer 





time variation f(t) is a step function. The top curves in Fig. 6 
represent the moment M, applied to the hinges at the end. It 
should be noted that with no limiting this moment is zero. Fig 
7 shows the results for the same loading; however, the angle 
40, t) at the ends is now shown by the top curves instead of M,. 
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Figs. 8 and & show solutions for larger and smaller yield mo- 
ments with both the step and an arbitrary time variation of the 
load. 

The solutions presented assume that the subsequent hinge at 
mid-span does not form and hence is applicable to time t. 

The mact 


and hence 


ine solutions presented ire in nondimensional form 
beam with the same load and 


ble to any 
numerical evaluation, 
for which EI] 
for the elastic limit, a vield moment of 


ved. 


oregoing vield moment, we have 


boundary To illustrate its 
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WAMS IN ELASTIC AND PLASTIC REGIONS 


Similarly, the maximum deflection into the plastic region is 


312 
O.0ISS X 


(0.5, t 
5140 


= |99 


HO.0, t = 


0.368 in 


Thus a permanent set in deflection of 0.326 in xpected 


at the center, 
of #0, ¢ 


Suppor ts 
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Appendix 


GENERAL EQUATIONS 


When the effect of rotatory inertia and deflection due to shear 
are negligible the flexural motion of a beam of variable stiffness 
and mass distribution is governed by the differential equation 


EI y"(z, t)|" 4 = p(z, t ih] 


m (x,t 


where the prime and dot represent differentiation with respect 


to xz and ¢, respectively. Equation [1] can be solved for any 
arbitrary excitation in terms of the normal modes of oscillation 


¢,(z) which satisfy the equation 


EI 6,"(2 mw,? @,(r) = 0 [2] 


and the boundary conditions of its space configuration. Such 


normal modes are orthogonal functions satis’ving the relation 


1 ‘ $ : jO fori ~ j) - 
mir (Ir) ¢ ar = * « 
l A SINS ONE li fori = if sai 


where m(zx) is the nondimensional mass distribution defined by 
the equation m = m, m(x). 
Expressing the solution of Equation [1] in the form 


u(z,t) = > YA) o(2)... 4] 
1 


p(z,t) = z m(xr) P(t)o,(2). [5] 


2 
and taking note of Equation [3] the time coefficients become 


l l 
“() = ; m(x)y(x, Db (2x) dz. [6] 
0 
l 
P(t) p(z, d,(2, t) dx 
0 


Substituting Equations [2], [4], and [5] into Equation [1], mul- 
tiplying by ¢,(z)dz, and integrating between limits 0 to /, the 
following differential equation for the time domain is obtained 


l 


¥,(0) + o,?Y,(t) = } p(x, d(x) dx {8] 
n 
’ 0 


We will assume here that the intensity of loading, can be ex- 
pressed by the following product 
, 


p(x, t) = 7 PKzdSie).. , {9} 
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where p(x) and f(t) are the nondimensional space and time dis- 
tribution of the loading. /, can then be defined as the total load 
at f(t) = 1, in which case we have the normalizing relationship 


. 
( dz = 1.. 
:¥ p(x) dz 
0 


Equation [8] then reduces to 
PK, | : 
4 see | ty 
m,w,7l 


p(x) (x) dz. [12] 


0 
The quantity A, determines the extent to which the various 
modes contribute to the motion of the beam and hence is appro- 
priately called the participation factor. 
The solution of Equation [11] is of the form 


1°,(O) sin w,t 


= ¥,(0) cos w,t + 
WO; 


PK, mt . 
+ - | @, f(E) sin w(t — &) dé. . [13] 
m,w,7l a 


where (0) and y,(0 ) are the ‘th mode components of the initial 
conditions which are taken to be zero when the beam is started 
from rest. The nondimensional quantity 


Dit) = a, ‘sé sin w,(t — &) dE .. [14] 
Jo 
is generally called the dynamic load factor for the 7th mode, the 
significance of the name implying that if the static deflection of 
the beam is also expanded in terms of $,(z), a comparison between 
it and the dynamical equation will show that each term of the 
expansion will differ by D,(1). 

Equation [4] can now be expressed conveniently in terms of the 
participation factor and the dynamic load factor as follows 


P, >> K.o(2) 
yx, t) = 
; m,l w, 


For the nonuniform beam, ¢,(z) and w,; can be determined by 
the tabular method of reference (4). In the case where EJ and 
mare constant along the beam 


EI 


ye . [16] 
m, 


w,? = /( B,l)* 
where @,/ is the eigenvalue of the normal mode equation and de- 
pends only on the boundary conditions. For uniform beams 
¢,(xz), Bl, and w, are tabulated by Young and Felgar (5). By 
substituting from Equation [16], Equation [15] for the uniform 
beam reduces to 

PP K,,(z) 

y(z7,t) = : - 
El (8,1) 
' 

where all terms within the summation sign are nondimensional. 
The slope, moment, and shear are obtained from Equation [15] or 
Equation [17] by successive differentiations. 


EQUATIONS FOR SPECIFIED LOADINGS 


Besides the case for the arbitrary space distribution, three 
specia! cases of load distribution are encountered frequently, 
namely, the uniformly distributed force, the concentrated force, 


and the concentrated moment. The load distribution affects only 
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the participation factor, the development of which is given for 
the foregoing cases as follows: 
(a) Uniformly distributed force, p(z) = 1 


l l 
K, = ; f ox) dz 
0 


=a: The loading p(x) correspond- 


[18] 


(b) Concentrated force at z 


ing to the concentrated force at z = a can be represented by an 


impulse function (6) /U ‘(2 — a) as shown in Fig. 10. 


Lu'(x-a) 





Fic. 


The participation factor thus becomes 


1 1 
7 lU'(x —a)o(xz) dx = ¢,(a). 
l 0 


The equation for the deflection for this case is 


$.:(a)G,(z) 
(8,1)* 


[19] 


PB 


4 [20} 
EI 


y(z,t) = ee 


(c) Concentrated moment M,f(t) at zx = a: The loading p(z) 
corresponding to the concentrated moment is the limiting case of 
two impulse functions shown in Fig. 11 asc 0. The partici- 
pation factor then becomes 


ad 
‘ 


l I? 
K | [U'(2 —a) — U'(x — a —c)]6,(z) dz 
c 
0 


= lim 
e—0 


do, 
Him 1 P@) _ Bt 6,"(a).. [21] 
dz 


c—0 


[ a) =e) : 


c 


where 


d¢,(a) 
dx 


B.¢;'(a) = 
The deflection for this case becomes 


MIP DO 4(a)b(z) 


=4 gape Dilla s-++ ++ 22] 


y(z, t) = 


EQUATIONS FOR CLAMPED-BEAM PROBLEM 
For the beam of Fig. 3(b) the deflection at mid-span and the 
moment at the ends are obtainable from Equation [20] as follows 


$,%(0.5) 


(B;l)* 


PP 
EI 
PP . 
jaz 0-0050388 [Di(t) + 0.02684 D,(t) 


(0.5, t) = Dt) 


+ 0.004455 D,(t) +... J... [23] 


(0.5 ),;"(0) 
J =P rt D 
(0,1) = Pl D cape — Da) 
‘ 


= P,1 0.14197 [D,(t) — 0.16382 D,(1) 
+ 0.06674 Dt) +..] [24] 


If 1/(0, ¢) is applied to the ends of the hinged beam of Fig. 3(c), 


the deflection at its center can be determined from Equations 
22] and [24] to be 


> (3 (0 (0.5) 

*— 0.14197 ¥ W, D,(t 
EI > (Bl) 

s | 


~—— 0.03704 D,(t) 


(0.5, t) = 2 


> 


0.018315 


Dilt 
+ 0.004115 Dt)... }.. [25] 


where the dynamic load factor D,(¢) is the response due to 


9) 
{<0} 


[D,(t) — 0.16382 D;(t) + 0.06674 Dt) —... ].. 


and [25] 


Adding the two deflections given by Equations [23] 


and factoring out a common term, the result is 
EI > 
- y(0.5, t) = 
0.018315 PL’ 
+ 0.004115 D,(t) 
+ 0.02684 D,(t) + 0.004455 Dit) +... ].. [27] 


[D,(t) —0.03704 D,(t) 


] + 0.27512 


D,(t) 


The slope at the hinge is obtained by differentiating Equation 


2P,I? (0), ‘(0 
“— 0.14197 > vi vs D,(t 
EI (Bl 2 
‘ 


a ]2 


Pl [D,(t) + O.1111 D,(t) 4 
= ~y DD . ads\ ) T 
hee 


[25] 


(0, t) = 


= 0.0574 


Circuit diagram for the computation of Equations [27] and [28] is 


shown in Fig. 4. 


Luik-d - Lux a-c) 


‘ 
+ -—-C 
! 








Fie, 11 


CANCELLATION OF MopEs FoR SCHEME | 


Assuming a step function for f(t), the beam configurations 
shown in Fig. 1 (a and b) can be shown to be equivalent as 
follows: 


The deflection at the mid-span of the simply supported beam 
due to a step-function load at center is 


PPP 
—~ [0.020532 D,(t) + 0.00025348 D,(t) 


0.5, t) = 
y(0.5, t) EI 


+ 0.00003285D,(t) +... ].. [29] 


Subtracting from Equation [29] the deflection due to the end 
moments M(0, t) given by Equation [25], the equation to be 
evaluated is 


EI 
y(0.5, t) =>, = 0.020532 Di(t) + 0.00025348 D,(t) 


& 
+ 0.00003285 D,(t) — 0.018315 D,(t) 
+ 0.00067839 D,(t) — 0.000075366 D,(t). . [30} 


where for the step-function load the dynamic load factors are 
Dt) = (1 — cos w,t).....-....02..- [31] 


and 
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y(0.5, t) ca = 0.00507 (1 — cos wt) + 0.000126 (1 — cos w;t) 
+ 0.0000078 (1 — cos w;t) — 0.000411(1 — cos Q:t 

— cos wf). . [32] 0.000016 (1 — cos Qt) - 


- 0.000021 (1 
= 0.00507 [(1 


cos Qst 
cos wt) + 0.0248 (1 


for each of the components )),(t) in Equation [26]. 


COS Wael ] 
Thus with 
three modes there will be six terms for each of the D,(t). 


- 0.000411 (1 
For the 
clamped and the hinged beams, the following numerical values 
are available (5): 


-cos Qu 
This result indicates that with three modes it is approaching 
Equation [23] for the clamped-clamped beam. The terms con- 
taining (1 — cos Q,t) will further diminish with the inclusion of 
higher modes. 
Q 
9.8696 

88 827 
246.741 

With these numeri 


Although a step function load was assumed for this proof, it 
cal values, Equation 


[30] 


can be shown that the same conclusion can be obtained for an 
arbitrary load variation.* 
becomes 


* Reference (3), p. 13. 
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Appearing below are authors’ abstracts of all papers which 
have been accepted for publication in the Proceedings of the 
Second U. S. National Congress of Applied Mechanics. The 
papers were presented at the Congress, which was held at 
the Universitv of Michigan, from June 14 to June 17, 1954. The 
Proceedings of the Congress, which will be published by The 
American Society of Mechanical Engineers, are to appear within 
the year following the Congress. 

The abstracts given here are grouped according to subject 
matter and session schedule. In view of the current space 
limitations of the JOURNAL OF APPLIED MECHANICS, it has 


Session 1: Limit Design; Plastic Failure 


Large plastic deformations of beams under blast-type loading. 
P. S. Symonds, Brown University. 

Plastic deformations of supported beams under dynamic 
loading are determined under the assumption of negligible elastic 
strains. Particularly simple solutions are in several cases ob- 
tained when the load-time curve is of a class defined in the paper 
which includes typical blast pressure curves and rectangular 
pulses as simple examples. 


Combined concentrated and distributed load on ideally-plastic 
circular plates. D.C. Drucker, H. G. Hopkins, Brown University. 

This paper has two main objectives. One is to extend the 
work on circular plates to the experimentally realizable cases of 
large or small overhang. The other is to demonstrate that an- 
swers may be obtained in a straightforward manner for any 
yield condition and almost any radially-symmetric loading. As 
an example, the Tresca yield criterion is assumed and the collapse 
condition is calculated for an overhanging circular plate subjected 
to both a central force and a uniformly distributed pressure within 
the support circle. Solutions for the simply supported and for 
the built-in plate appear as special cases. 


The deflection of plates in the elastic-plastic range. R. M. 
Haythornthwaite, Brown University. 

The deflections of plates with circular symmetry are computed 
for an elastic-plastic material that obeys the yield condition of 
Tresca and the associated flow rule. At any point on the plate 
the entire thickness is assumed to be either fully elastic or fully 
plastic. An annular plate simply supported at the outer radius 
and clamped to a centrally loaded rigid disk is analyzed in detail, 
the simply supported circuiar plate with a central concentrated 
load being included as a limiting case. The testing of a steel 
plate is described and the results obtained are compared with the 
theory. 


been necessary to omit at this place the titles of the quthors as 
well as any references to sponsorship of the investigations con- 
cerned; complete information of this nature will be contained in 
the Proceedings. If necessary, authors may be reached through 
the Chairman of the Editorial Committee, Professor Paul M. 
Naghdi, University of Michigan, Ann Arbor, Michigan. 

The Editorial Committee wishes to express its sincere apprecia- 
tion to the staff of the JOURNAL OF APPLIED MECHANICS, 
in particular to the editor, Professor John M. Lessells, for their 
efforts in connection with the present publication of these ab- 
stracts. 


An experiment on circular plates in the plastic range. R. M. 
Cooper, G. A. Shifrin, University of Michigan. 

Nine simply supported mild-steel circular plates were loaded 
well into the plastic range under concentric, uniformly dis- 
tributed load. 
as functions of load. 
limit loads of Hopkins and Prager. 


Deflection, strain, and slope data were observed 
Comparison is made with the predicted 


The influence of shearing forces on the plastic bending of wide 
beams. E. T. Onat, R. T. Shield, Brown University. 

The theory of the slip-line field in plane plastic flow is used to 
obtain critical combinations of bending moment and shearing 
force for a wide beam of rectangular cross section. 


Session 2: Fluid Flow (Jets, Boundary Layer, 
incompressible) 


The stall performance of cascades. William G. Cornell, 
General Electric Company. 

A theory is developed for the stalled performance of two-di- 
mensional compressor and turbine cascades, yielding fluid deflec- 
tion and total pressure loss. 
finitesimally thin flat plates, are assumed to separate at the lead- 


The cascade blades, idealized as in- 
ing edges. The flow in the jets between the separated regions is 
analyzed by free streamline theory. The jets are assumed 
to mix at constant momentum, yielding a uniform exit flow. 
Experimental data compare well with the theory for cascade 
solidities of order unity and greater. A simple approximate 
theory is developed, good for high solidity. 


Laminar incompressible mixing of two-dimensional and axi- 
ally symmetric jets. T. P. Torda, University of Illinois; W. J. 
Thompson, North American Aviation, Inc.; B. K. Genetti, Gen- 
eral Electric Company. 


279 





280 


The analysis of viscous, laminar, incompressible mixing of two- 
dimensional and axially symmetric jets is presented. In particu- 
lar, the second region of mixing (downstream of the “potential 
core”) of two-dimensional jets, and the third region of mixing 
(past the second in which the effect of the upstream boundary 
layers are dissipated) of axially symmetric jets are treated in de- 


tail. 


Free jet boundary with consideration of initial boundary 
layer. A. J. Chapman, The Rice Institute; H. H. Korst, Univer- 
sity of Illinois. 

The equation of motion within the mixing region is simplified 
to the heat-conduction equation in an intrinsic system of co-or- 
dinates where the solution has to satisfy the same initial and 
boundary conditions as in a reference system attached to the 
fictitious inviscid jet boundary. The momentum integral 
method is then applied to the velocity profiles thus obtained, 
leading to their localization in the reference system of co-ordi- 
nates. The turbulent problem requires the experimental deter- 
mination of two empirical quantities. Numerical values for 
these quantities are presented for low-velocity air flow, with one 
apparently a constant, the other related to a boundary-layer-form 
parameter. 


Axially symmetric diffusion in a radial-velocity field. B. A. 
Fleishman, Johns Hopkins University. 

Soluble material, placed in a fluid with an axially symmetric 
radial velocity of magnitude U(r) = a/r, moves with the fluid 
and is also dispersed by molecular diffusion. Given an initial 
concentration distribution of solute, the concentration distribu- 
tion at any subsequent time is sought. The basic equations, a 
diffusion-convection differential equation and an unusual type of 
boundary condition, are used to formulate initial-value problems 
for two domains, one infinite, the other bounded by a cylinder of 
radius R, for which formal general solutions are obtained. Sev- 
eral examples are worked out for specific initial data. 


Pressure-probe response in fluctuating flow. R. E. Kronauer, 


H. P. Grant, Harvard University. 

Theory predicts and experiment confirms that the equilibrium 
pressure recorded by conventional probes deviates considerably 
from the time average of the imposed fluctuation (by as much as 
15 per cent of the fluctuation amplitude if the probe hole is short 
or the frequency low) when fluctuations are nonsymmetrical 
about the average. The analysis is for incompressible flow. 
Curves useful in predicting probe behavior are presented 


Session 3: Vibrations (Miscellaneous); Beams 


A simple approximation for the fundamental frequencies of 
two-span and three-span continuous beams. A. S. Veletsos, N. 
M. Newmark, University of Illinois. 

A rapid approximate method is presented for calculating the 
fundamental frequencies of flexural vibration of two-span beams 
and of particular arrangements of three-span beams which are 
continuous over nondeflecting supports and are elastically re- 
strained against rotation at theirend supports. The stiffnesses of 
the end restraints are assumed to be positive. The mass per unit 
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of length and the flexural rigidity of the cross section of the beams 
may vary from one span to the next, but in any one span these 
quantities are considered constant. The application of the 
method is illustrated by two numerical examples. 


Determination of the natural frequencies of continuous beams 
on flexible supports. A.S. Veletsos, N. M. Newmark, University 
of Illinois. 

The purpose of this paper is to present a method for calculating 
the undamped natural frequencies of flexural vibration of continu- 
ous beams on flexible supports. The supports are represented by 
a set of mutually independent, linearly elastic, deflectional and 
rotational springs. The effects of concentrated masses, attached 
either directly to the beam or through a spring, are also con- 
sidered. 


Coupled bending torsion vibration of a trapezoidal box beam 
with warping restraint. Hsu Lo, R. J. H. Bollard, Purdue Uni- 
versity. 

An integrodifferential equation in terms of axial warping is 
established for the determination of the effect of secondary 
stresses on the fundamental frequency and mode of vibration of 
a cantilever box beam of trapezoidal cross section, having a con- 
centrated mass at any station along its length. The equation is 
solved exactly as a characteristic value problem. 


An experimental device for obtaining elastic rotational con- 
straint on boundary of a plate. W. H. Hoppmann, II, Joshua 
Greenspon, Johns Hopkins University. 

For use in various technological investigations requiring the 
flexural vibrations of plates, there is presented in this paper an 
experimental method for providing prescribed elastic rotational 
constraint on the boundary of a plate. In particular, it is shown 
how the conditions known as simple support or hinged edge can 
be obtained satisfactorily. To obtain the various edge condi- 
tions a 90 deg V-notch of given depth to plate thickness ratio is 
provided at the boundary of the plate leaving a narrow flat rim 
extending beyond. This rim is then mounted rigidly in a sur- 
rounding support. 


The use of self-equilibrating functions in solution of beam 
problems. G.Horvay, J. S. Born, General Electric Company. 

A method is presented for the analysis of deep beams. It in- 
volves the use of approximate stress functions which satisfy all 
the boundary conditions of the problem. 


Session 4: Nonlinear Vibrations 


On the stability of a nonlinear nonautonomous system. R. 
M. Rosenberg, University of Toledo. 

The stability of solutions of the equation + a*z + f(t) z? = 0 
is investigated for several functions f(t). This type of differential 
equation arises in the stability of olling elastic missiles, and in 
dynamic systems where the forcing function is proportional to the 
square of the displacement. The cases investigated include 
those where f(t) is monotone and (a) does not, or (6) does go to 
infinity with ¢, or (c) it is periodic with arbitrary period. In case 
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(a) the solutions are found to be stable; in case (b) they are not; 
and in case (c) the solutions are stable or not with those of a 
Mathieu equation. 


Steady-state motion of one and two-degrees-of-freedom vibrat- 
ing systems with a nonlinear restoring force. Patarasp Rustomji 
Sethna, Bendix Aviation Corporation. 

In this paper are studied the steady-state motions of one and 
two-degrees-of-freedom vibrating systems with quadratic or cubic 
nonlinear restoring forces and under the influence of external 
sinusoidal excitations. 

The first and second approximations are given for some one- 
degree-of-freedom undamped systems, and first approximations 
are given for the undamped and damped cases of a two-degrees-of- 
freedom system. 

The adequacy of the methods employed is demonstrated by 
comparing the results obtained by them with those obtained from 
an Electronic Analog Computer. 


On the stability of harmonic solutions of a modified form of 
Duffing’s equation. Dana Young, P. N. Hess, Yale University. 

Theoretical analyses of the stability of periodic solutions of 
Duffing’s equation indicate certain unstable regions for which the 
practical significance has not been determined. This paper re- 
ports an investigation of the actual behavior in these theoretically 
unstable regions. The work was carried out on an analog com- 
puter using a modified form of the equation which has an exact 
barmonic solution. The results verify that the harmonic solu- 
tions became unstable in the predicted regions. In addition, it is 
found that certain unusual nonharmonic periodic solutions are 
stable in these regions. 


The attenuation of damped free vibrations and the derivation 
of the damping law from recorded data. K. Klotter, Stanford 
University. 

An approximate method, known in nonlinear mechanics as 
the “Kryloff-Bogoliuboff Method,” allows describing in closed 
form the attenuation of free damped vibrations, for a large va- 
riety of damping laws, provided the damping forces are suffi- 
ciently weak. From the expressions for the attenuation it is 
possible to derive rules for finding the damping law from a set of 
observed data. 


Subharmonic oscillations in nonlinear systems of two degrees 
of freedom. T.C. Huang, University of Illinois. 

This paper deals with subharmonic oscillations in particular 
systems of two degrees of freedom with nonlinear restoring 
force. Qualitative results for subharmonics of order one third 
are developed for (1) subharmonic response with damping neg- 
lected, and (2) subharmonics with viscous damping. In the 
first case, frequency ranges at which subharmonics can exist are 
shown; while in the second case, it is verified that the coefficient 
of viscous damping should be small in order that subharmonic 
oscillations can occur. Fourier series has been chosen to treat 
the problem and the iteration method has been illustrated to 
calculate the coefficients of the series. 


Session 5: Fluid Flow (Potential, Wave 
Phenomena) 


Two-dimensional potential flow in a gravitational field with a 
known free stream. Kin N. Tong, Syracuse University. 

This paper contains a method of analytic continuation which 
can be used to determine the flow in the neighborhood of a known 
free streamline whose shape can be described by a real analytic 
function y = f(z). 


On surface waves generated by traveling disturbances with 
circular symmetry. R. C. F. Bartels, University of Michigan; 
A. C. Downing, Jr., Oak Ridge National Laboratory. 

Kelvin’s ship wave problem for the surface waves produced by a 
distribution of pressure moving with constant velocity on the sur- 
face of a body of water with infinite depth is formulated in terms 
of a singular integrodifferential equation. The expression for the 
predominant part of the surface wave produced behind the mov- 
ing source of disturbance is obtained from the solution of this 
equation with the aid of the Abelian theorems for the complex 
inversion integral in the theory of Laplace transforms. The 
special case of a moving pressure point is given careful treatment. 


Flow through a cascade in flapping oscillation. Chieh-Chien 
Chang, Wen-Hua Chu, University of Maryland. 

In a uniform flow a cascade of flat-plate airfoils is subject to 
small flapping oscillation and is treated analytically with con- 
formal mapping technique. Normal force and moment are given 
essentially in closed forms. The interference effects among the 
cascade airfoils are so significant that the usual approximation 
with single-airfoil theory is questionable. Some examples are given 
to demonstrate this point. The wake interference is expressed in 
ratio of hypergeometrical functions involving parameters, such as 
reduced frequency and gap-chord ratio. As the gap goes to in- 
finity, it reduces to Theedorsen’s function as a special case. 


Stability of parallel laminar flow with a free surface. Chia- 
Sun Yih, State University of lowa. 

The stability of parallel laminar flow with respect to wave for- 
mation at the free surface is investigated. Since the flow can be 
expected to become unstable at low Reynolds numbers, the well- 
known Sommerfeld-Orr equation is solved by a series expansion in 
ascending powers of the Reynolds number. For a specified slope 
of the primary flow, the relationship between the Reynolds num- 
ber and the wave number for neutral stability can be obtained. 
Numerical calculations carried out for the case of vertical flow 
show that the flow becomes unstable at very low Reynolds num- 
bers. The present work should contribute to the understand- 
ing of wave phenomena occurring in a flowing viscous liquid. 


Ducts for accelerated flow. T. C. Lin, Brown University. 
A method of design for two-dimensional contracting ducts for 
incompressible and inviscid flow has been developed which gives 
a rapid change of cross section with no pressure discontinuity or 
adverse pressure gradient. While giving essentially uniform flow 
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on both ends it yields ducts of smaller over-all length and shorter 
wall length than those given by existing methods for any contrac- 
tion ratio. The design is based on a fan-shaped boundary chosen 
in the hodograph plane, for which the flow is found by conformal 
mapping. As examples of the method, the design of ducts of con- 
traction ratios 3 and 10 is carried out. 


Session 6: Shells 


General instability of ring-reinforced cylindrical shells sub- 
ject to hydrostatic pressure. W. A. Nash, David Taylor Model 
Basin. 

An analytical solution is presented for the problem of the gen- 
eral instability failure of a geometrically perfect ring-stiffened 
cylindrical shell subject to external hydrostatic pressure. In this 
type of failure both the shell and the reinforcing rings collapse 
simultaneously into a number of lobes spaced uniformly around 
the circumference of the cylinder and extending between bulk- 
heads closing the ends of the cylinder. This distance is a sig- 
nificant parameter in this problem. In this study a displacement 


configuration is introduced which implies clamped ends at the 


bulkheads. 


Analysis of stresses in the conical elements of shell structures. 
C. E. Taylor, E. Wenk, Jr., David Taylor Model Basin. 

The Love-Meissner analysis for thin shells has previously been 
applied to cones of uniform wall thickness, and solutions for the 
stress resultants were given in terms of Kelvin’s functions. Since 
tabulation of these functions for large arguments is not practical, 
considerable computation was still required. In the present 
paper the authors define special functions which eliminate the 
necessity of evaluating Kelvin’s functions and which may be used 
with simple algebraic and trigonometric functions to compute the 
boundary forces and displacements for cones for various loading 
conditions. These special functions also make clear the magni- 
tude of errors which result from Geckeler’s and other approxi- 
mate solutions. 


Sound radiation from an elastic cylindrical shell submerged in 
aninfinitemedium. H.H. Bleich, Columbia University. 

Based on results from a previous publication, the paper deter- 
mines the sound field due to a periodic force acting on an infinitely 
long elastic shell which is submerged in an acoustic medium. The 
radiation is expressed by a Fourier integral which can be evalu- 
ated simply for points at large distances. 

To obtain realistic results for the radiation at resonant fre- 
quencies structural damping is introduced in the analysis in an 
approximate manner. 

While the theory assumes an unstiffened steel shell it is ap- 
proximately applicable to ring-stiffened shells. Numerical re- 
sults are given for a ring-stiffened steel shell in water. 


The response of a cylindrical shell to a transverse shock wave. 
Melvin L. Baron, Columbia University. 

The eiastic response of a cylindrical shell to a transverse shock 
wave in an acoustic medium is obtained by an expansion of the 
response into normal modes of oscillation of the structure, includ- 
ing both inextensional and extensional effects in all modes. The 
axis of the shell is parallel to the wave front. 
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An approximate mathematical solution is obtained for the re- 
sponse of the shell. This is compared with the results obtained 
from a previously published theory by R. D. Mindlin and H. H. 
Bleich, which neglects extensional effects in all but the dilatational 
mode, n = 0. 


On the in-vacuo vibrations of simply supported, ring-stiffened 
cylindrical shells. Gerard D. Galletly, David Taylor Model 
Basin. 

An analytical solution is presented for the problem of deter- 
mining the in-vacuo frequencies of vibration of a simply supported 
thin cylindrical shell, which is reinforced by equally spaced, equal- 
strength circular ring stiffeners. The displacement configuration 
assumed permits inter-ring deformation of the shell. Numerical 
calculations were made for a cylindrical shell with various sizes of 
stiffening rings and curves were plotted which show the effect of 
the rings upon the frequency of vibration. The numerical values 
obtained were also compared with those calculated by approxi- 
mate methods and were found to agree within +10 per cent. 


Session 7: Elasticity 


The solution of a class of mixed-mixed boundary-value prob- 
lems in plane elasticity. A. Cemal Eringen, Purdue University. 

With the use of some linear operators, a class of mixed-type 
plane problems of elasticity for an orthotropic rectangular region 
is solved. The boundary conditions consist of specifying normal 
and tangential components of displacement vector at two parallel 
boundaries and normal stress and tangential displacement com- 
ponents at two other boundaries as arbitrary functions of the tan- 
gential co-ordinates. Thus the solution is a functional of eight 
arbitrary boundary functions which may be chosen to suit the 
particular purpose. 


On the singularity at a concentrated load applied to a curved 
surface. E. Sternberg, R. A. Eubanks, Illinois Institute of Tech- 
nology. 

This paper deals with the singularity at the point of application 
of a concentrated load acting perpendicular to a curved boundary 
of an elastic body. In a neighborhood of the point of application, 
the boundary is assumed to be representable by a sufficiently 
smooth arbitrary surface of revolution, the axis of which coincides 
with the load axis. In the event the surface is locally analytic, it 
is shown that the singularity is identical with that appropriate to 
a concentrated load applied normal to a plane boundary if and 
only if the curvature of the meridian of the surface vanishes at the 
load point. The required modified singularity for the case of 
nonvanishing curvature is determined in a closed form to the 
extent where the residual surface tractions are finite and continu- 
ous. 


Generalizati¢n of the theory of elasticity to pcrous bodies. 
Arthur Lubinski, Stanolind Oil and Gas Company. 

Elasticity problems of porous bodies may be solved without 
knowledge of pore shape, by using the four following constants: 
two elastic constants of the porous matter; one elastic bulk con- 
stant of the interpore material; and porosity. The method uses 
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@ special stress-strain relationship and makes allowance for body 
forces due to flow through the medium and for permeable and 
The method is equivalent to superim- 
a stress similar to thermal stress; 


impermeable boundaries. 
posing a hydrostatic stress; 
and a stress resulting from subjecting the body, assumed non- 
porous, to pressure. Stresses in long cvlinders subjected to radial 


flow are investigated. 


Session 8: Transonic Flow 


On the flow over a wedge in the upper transonic region. Hideo 
Yoshihara, Wright Air Development Center, USAF. 

The flow over a wedge is computed using the transonic small 
perturbation method for that portion of the upper transonic 
The drag and the 
The re- 


region in which the bow shock is attached. 
lift curve slope at zero angle of attack are calculated. 
sults indicate that a maximum in the lift curve slope occurs at the 
detachment Mach number. 


A transonic approximation. J. B. Diaz, G. S. S. Ludford, Uni- 
versity of Maryland. 

This approximation is based on obtaining that pressure-den- 
sity relation which best fits that of a polytropic gas near the sonic 
point, whilst retaining the analytical simplicity of the Tricomi 
gas. Third-order contact can be obtained at the sonic point, and 
there still remains a parameter, which can be chosen in two ways 
so as to give good supersonic agreement. These two choices give 
practically identical results. For this approximation the general 
solution of the partial differential equation for the stream-function 
is expressible in terms of Bessel functions, as also are the product 


solutions. 


New applications of Tricomi solutions to transonic flow. P. 
Germain, Brown University. 

New applications of an approximate method for subsonic and 
transonic flow of a compressible fluid are given. In this approxi- 
mation the stream function of any flow can be expressed in terms 
of a solution of the Tricomi equation. After a brief statement of 
the basic ideas of this method, simple applications are made to 
problems involving jets or wedges. This method is applicable 
for finite as well as for infinitesimal perturbations of the basic 
flow. In this latter case the results agree with the classical tran- 
sonic similarity laws. 


Session 9: Numerical and Experimental 
Methods 


Graphical field-plotting methods in mechanics. H. Poritsky, 
R. P. Jerrard, General Electric Company. 

The use of graphical field-plotting methods in applied me- 
chanics is reviewed and extended. Examples are given in tor- 
sion, ideal fluid flow, beam bending, viscous flow, and two-di- 
mensional stress problems. While the main emphasis is on-the 
solution of the Laplace and Poisson equations in two dimensions, 
it is shown how graphical methods may be applied in cases with 
axial symmetry, and to considerably more complicated differential 
equations. These include torsion of an axially symmetric shaft 
whose radius varies with axial distance and certain compressible- 
flow problems. 
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A grid method to determine strains in rubber-like materials. 
A. J. Durelli, R. L. Lake, S. Okubo, Armour Research Foundation. 

This paper deals with a development of the old idea of deter- 
mining strains by drawing or scratching lines. True stresses, 
natural strains, and Poisson’s ratio as function of strain can be de- 
duced in a direct manner. The grids used are made of rubber- 
latex threads (0.008 in. in diameter), they are stretched and then 
cemented to the specimen by means of latex emulsion. The rec- 
ord of strain is taken photographically. The slight errors in- 
troduced by changes in optical magnification are studied in the 
appendix. An example of application to one of the Thiokol 
products is given 


A study of photoplasticity: the photoelastic effect in the region 
of large deformation in polyethylene. B. Fried, N. H. Shoup, 
State College of Washington. 

The photoelastic effect in polyethylene is found to vary linearly 
with principal strain difference well beyond the range of stress- 
strain linearity for this material. The nondimensional stress-strain 
curve for polyethylene over the range of strain rates here em- 
ployed is found to be similar to that of 3-S aluminum. Results 
of a photoplastic study of the shear-strain distribution in a 
polyethylene model are compared with those measured directly 
on a 3-S aluminum prototype strained beyond its elastic limit. 


Session 10: General Lecture 


Shear flow turbulence. Howard W. Emmons, Harvard Uni- 
versity. 

The development of ideas of turbulent flows is briefly pre- 
sented. The eddy viscosity and mixing-length assumptions are 
traced and the statistical theory of turbulence which replaces 
them for isotropic turbulence is considered. Against this back- 
ground, the use of the turbulent-energy equation in a new approxi- 
mate method of approach is discussed. The degree of agreement 
between the turbulent-energy approach and experimental data, 
behind grids, in turbulent wakes, in a free jet, in a channel, and in 
a boundary layer are noted. It is shown that the appropriate 
scale of turbulence is rather simply related to the size of the flow 
system so that rough predictions are possible in new cases where 
no experimental work is available to guide the analysis. It is 
finally pointed out that for further improvement of understanding 
and prediction of turbulent flows, it is necessary to introduce, at 
least in an approximate way, an equation for the transfer of tur- 
bulent energy between the various possible eddy sizes, thus per- 
mitting a more logical prediction of the appropriate turbulence 


scale. 


Session 11: Plasticity 


Plastic flow in deeply notched bars with sharp internal angles. 
A. J. Wang, E. H. Lee, Brown University. 

We consider the plastic flow in deeply notched bars with cylin- 
drical notches pulled in plane strain. The notch surfaces consist 
of planes joined by circular fillets. By letting the radii of these 
approach zero, we obtain limiting solutions for sharp corners. 
These are compared with previous solutions for a V-notch and a 
rectangular notch, which are not limiting solutions in this sense. 
The differences are due to different assumptions about points 
forming the notch surfaces. This question is discussed in detail. 
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Analysis of chip formation in the turning operation. Bernard 
W. Shaffer, New York University. 

Continuous chips may be formed, during machining, by a sim- 
ple shearing process between the uncut material and newly formed 
chip. It was shown that for the turning operation this shearing 
action takes place along a circular shear line. Equations were 
derived which describe the radius and the position of the shear 
line relative to the cutting tool. 

Equations were also derived which express the machining force 
and the chip-thickness ratio in terms of the rake angle of the tool, 
coefficient of friction, the appropriate yield stress of the work, and 
the radius of the workpiece. 


On obtaining plane strain or plane-stress conditions in plas- 
ticity. D.C. Drucker, Brown University. 

Symmetrically notched sheets and perforated sheets in tension 
provide basic examples of the required conditions for achieving 
plane stress and plane strain in elasticity and in perfect plasticity. 
The significant parameter in elasticity is the ratio of sheet thick- 
ness to radius of the discontinuity in the region of greatest stress 
The radius is of no importance for perfectly 
plastic material of unlimited ductility. It is replaced by a ma- 
terial dimension such as the distance between notches. Enor- 
mously thicker sheets will often be required in the plastic range, 
for what is customarily termed plane strain, than are needed in 
the elastic. 


concentration. 


Session 12: Turbulence: Supersonic Flow 


Some remarks on von K4rmén’s equation of isotropic tur- 
bulence. L. Persen, Brown University. 

It is shown in this paper that introducing a slightly generalized 
form of the similarity law originally suggested by von Karman 
makes it possible to deduce expressions for the rate of decay, the 
correlation functions, and the spectral functions, which have all 
the main features which one expects them to have from informa- 
tion gained by experiments, and which are not affected by the ob- 
jections to such an approach made by G. I. Taylor, Journal of 
Aeronautical Sciences (1938). However, the triple-correlation 
function is proportional to r and not to r* for small r, thus indicat- 
ing that the range of validity of the proposed approach is rather 
restricted. 


On turbulence in rarefied gases. M. Z. V. Krzywoblocki, 
University of Illinois. 

Grad’s representation of equations of motion, continuity, and 
energy is used to describe turbulent vector field of a flow in the 
realm of rarefied gases. The method of space Fourier spectrum 
is applied to show that the field variables (velocity, density, pres- 
sure, and temperature fields) separate into a few distinct groups: 
one corresponding to eddy turbulence, the other associated with 
fluctuating acoustical waves; etc. From that standpoint the re- 
sult is analogous to that one obtained by previous authors using 
simplified Navier-Stokes equations. Derivation of equations of 
motion for spectral tensors closes the paper. 


Two-dimensional supersonic shear flow around a corner. 
Shih I. Pai, University of Maryland. 
An approximate solution for two-dimensional supersonic rota- 
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tional flow of a perfect gas in the neighborhood of a corner around 
which the flow expands is given. 

The solution is applied to two cases: (1) A parallel] shear flow 
passes over a wall with an edge; and (2) a parallel shear flow dis- 
charges into a medium of constant but lower pressure. 


Session 13: Viscoelastic Problems 


On mixed boundary-value problems of linear viscoelastic 
solids. Harold G. Lorsch, The City College of New York; 
Alfred M. Freudenthal, Columbia University. 

While the elastic-viscoelastic analogy solves first and second 
boundary-value problems for viscoelastic solids, it is shown that 
mixed boundary-value problems require an additional stress- 
strain state. Equations for these additional stresses and strains 
are given for Maxwell and Kelvin solids subject to time-independ- 
ent boundary forces under plane strain. The method is ex- 
tended to time-dependent boundary forces; a moving line load on 
a semi-infinite Maxwell solid_jn plane stress and plane strain. 
Strain recovery and volume stress relaxation are demonstrated 
for the case of plane strain. 


On the attenuation of a sinusoidal pulse in a cylindrical speci- 
men held between elastic bars. R. A. Eubanks, Illinois In- 
stitute of Technology; D. Muster, General Electric Company; 
E. Volterra, Rensselaer Polytechnic Institute. 

The attenuation of a sinusodial pulse as it moves along a cylin- 
drical specimen held between the plane ends of two cylindrical 
steel bars is analyzed. The following stress-strain relationships 
for the material are considered: (a) Elastic (Hookean model); 
(b) Elastoviscous (Voigt model); (c) Hereditary (Boltzmann 
model). In an appendix of the paper the problem is solved under 
the approximate assumption that the stress is uniformly distrib- 
uted along the entire length of the specimen. 


Thermal stresses in thick-walled cylinders exhibiting tempera- 
ture-dependent viscoelastic properties of the Kelvin type. Harry 
H. Hilton, University of Illinois. 

A solution is presented for the thermal stresses and strains in a 
thick-walled circular cylinder under the influence of a steady- 
state radial temperature. The stress-strain relationship used is 
that of a Kelvin viscoelastic body with temperature-dependent 
material properties. The solution is in a closed form and holds 
for any arbitrary temperature distribution. A numerical ex- 
ample is computed, which shows that the elastic solution and 
temperature-independent Kelvin body solution are extremely 
conservative. 


Session 14: General Lecture 
Discontinuous fields of plastic stress and flow. William 
Prager, Brown University. 

The role of discontinuous stress and velocity fields in the theory 
of perfectly plastic solids is illustrated by examples that are rep- 
resentative of a wide range of applications. It is shown that 
the discontinuous fields discussed in the literature fall into two 
classes. The fields of the first class satisfy all equations of the 
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theory of perfectly plastic solids and would actually occur in such 
solids. The fields of the second class, however, violate some of 
the fundamental equations; they cannot occur in perfectly plas- 
tic solids but may furnish a mathematically simple, approximate 
description of actual stress and velocity fields in such solids. 
The importance of discontinuous fields for the practical solution 
of problems in two and three dimensions is discussed. 


Session 15: Shells; Plates 


Effects of large deflections and imperfections on the elastic 
buckling of cylinders under torsion and axial compression. 
Tsu-Tao Loo, Rensselaer Polytechnic Institute. 

A large-deflection theory for thin circular cylinders in torsion is 
presented, which reveals most of the characteristics observed ex- 
perimentally. The powerful effect of the large-deflection terms 
on post buckling resistance is shown. A new formula is proposed 
for initial defects in actual specimens, the considered cause for 
scattered and low buckling strengths. This formula is applicable 
to both torsion and axial compression. From this, new theories 
having identical assumptions are developed. The results are in 
fair agreement with experiment. They are also shown to be in 
good agreement, when modified, with previous small and large- 
deflection theories. 


Deformation of elastic ellipsoidal shells of revolution. P. M. 
Naghdi, C. Nevin De Silva, University of Michigan. 

Deformation of thin elastic ellipsoidal shells of revolution of 
uniform thickness under axisymmetric loading are considered in 
detail. By means of a more recent method of asymptotic inte- 
gration due to Langer, a solution is obtained which is valid at the 
apex of the shell and involves Kelvin functions. This solution 
reduces in the limit to the known theory of shallow spherical 
shells. Specifically, the stress distribution is obtained for el- 
lipsoidal shells under both distributed and edge loadings. 


Symmetrical bending of circular sandwich plates. Melvin 
Zaid, Bulova Research and Development Laboratories. 

General solutions are obtained for a circular sandwich plate 
under arbitrary symmetrical loading and boundary conditions. 
Bending of the face layers is considered in a manner similar to 
that by N. J. Hoff for rectangular plates. The case of a simply 
supported plate is examined in detail. For a constant-pressure 
load, this solution is compared to E. Reissner’s work in which the 
face layers are considered as membranes. For most practical 
cases the bending factor is negligible. Where this is not true, the 
results of this paper should be used. 


Session 16: Fluid Flow (Miscellaneous) 


The growth of an axisymmetric turbulent boundary layer in an 
adverse pressure gradient. Earl M. Uram, Pennsylvania State 
University. 

Axisymmetric boundary-layer growth in an adverse pres- 
sure gradient was studied using a conical diffuser. Static pressure 
distributions and detailed velocity profiles were measured for 
thick and thin inlet boundary layers. Pressure-gradient effects 
on the velocity profiles and the difference between two and three- 
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dimensionally defined boundary-layer parameters are shown quite 
clearly. The wall shear-stress coefficients computed from the 
Ludwieg-Tillmann and Law of the Wall formulas are compared. 
The data was applied to the recent semiempirical analyses of 
Maskell, Rubert and Persh, and Ross for calculating turbulent 
boundary layers to investigate their validity or extensibility to 
axisymmetric flows. 


Some experimental results on wing-body interference at super- 
sonic speeds. H. E. Bailey, University of Michigan; R. E. 
Phinney, Johns Hopkins University. 

Some of the experimental results obtained on a wing-body con- 
figuration which was tested in the University of Michigan Super- 
sonic Wind Tunnel are presented. These results, which are in the 
form of static pressures measured on the body in the presence of 
the wing, are compared with the linearized theory in an attempt to 
evaluate some of the effects of viscosity on wing-body interference. 
The china-clay-film technique has been used to visualize the flow 
in the boundary layer on the body in the vicinity of the wing-body 
juncture. 

In addition, the effect on the pressures measured on the body of 
a gap between the wing and the body is investigated. 


Oscillatory motion of a spheroid. V. G. Szebehely, David 
Taylor Model Basin, U. S. Navy, University of Maryland, George 
Washington University. 

The effect of frequency, amplitude of oscillation, speed of ad- 
vance, and presence of a free surface on the virtual mass, on the 
damping coefficient, and on the hydrodynamic moment of a prolate 
spheroid are discussed. The body performs free oscillations in 
the horizontal plane around its shorter axis and moves with a uni- 
form for**74 velocity in its plane of oscillation in the direction 
defined .. mean position of its longitudinal axis. The am- 
plitude d the dimensionless frequency are not “small” per- 
mitting .e study of unsteady and nonlinear effects. 


Session 17: Fatigue; Creep; Friction 


Combined bending and torsion fatigue tests of 25S-T alu- 
minum alloy. W.N. Findley, W. I. Mitchell, D. E. Martin, Uni- 
versity of Illinois. 

Fatigue data for 25S-T aluminum alloy are presented for com- 
pletely reversed cycles of bending, torsion, and three different 
combinations thereof. 

The S-N diagrams of these data are presented in terms of the 
alternating principal shear stress 7, and shown to be expressible 
by the power relation 7, = BN. 

The merits of six theories of failure, relative to their agreement 
with these test data, are discussed. Further consideration was 
given to the physical significance of several of these theories, and 
to the possible effect of anisotropy on the fatigue behavior under 
combined stress. 


Prediction of creep under fluctuating stress anc damping from 
creep under constant stress. G. F. Weissmann, Bell Telephone 
Research Laboratories; Yoh-Han Pae, E. I. du Pont de Nemours 
and Company, Inc.; Joseph Marin, Pennsylvania State Univer- 


sity. 
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The first part of this paper presents a theory for predicting creep 
strains under dynamic fluctuating stresses from an assumed static 
creep strain-stress-time relation. A comparison of the theoreti- 
cal dynamic creep strain values with preliminary experimental 
results on plastics shows good agreement between the theoretical 
and test results. 

A second part of this investigation presents a theory for pre- 
dicting internal damping of materials under dynamic stress based 
upon short-time static tension creep data. For the material 
considered the theoretical internal-damping value agrees well 
with the actual damping constants obtained by tests. 


The friction of boundary-lubricated surfaces. Ernest Rabino- 
wicz, Massachusetts Institute of Technology. 

In this paper are discussed several different methods, based on 
friction and metal-transfer measurements, of determining the rela- 
tive importance, during the sliding of lubricated surfaces, of the 
shearing of the lubricant layer and of the penetration of the lu- 
bricant with the formation of welded junctions. An extension of 
these methods suggests that the total friction force is the linear 
sum of the two separate components due to the lubricant layer 
and the metal junctions. In consequence, fresh light is thrown 
on the stick-slip phenomenon and its prevention by the use of 
good boundary lubricants. 


Session 18: General Lecture 


Mechanics of granular media. R. D. Mindlin, Columbia Uni- 


versity. 

Some recent work, on the mathematical theory of the deforma- 
tion and vibration of materials composed of elastic grains, has 
been aimed at taking into account tangential forces between 
grains. Sufficient progress has been made in the development of 
the theory to enable several interesting predictions, based on it, to 
be tested experimentally. The theory and the experiments are 
described in this lecture. 


Session 19: Plasticity (Stress-Strain Relations) 
T. H. Lin, Uni- 


A proposed theory of plasticity based on slips. 
versity of Detroit. 

This paper shows a method for calculating the incremental 
stress-strain relations in the plastic range, under varying ratios of 
principal stresses, from uniaxial tests. Metals of face-centered 
cubic crystals like aluminum and its alloys are studied. The de- 
formation of each crystal is taken to be the same as that of the 
aggregate. The principle of minimum virtual work is applied to 
determine the five operative slip systems for incremental strain. 
This method has been applied to find the plastic axial and tor- 
sional strains of thin-walled cylinders first compressed beyond 
elastic limit and then twisted. The present method gives good 
agreement with experimental results obtained at NACA. 


Plastic stress-strain relations based on linear loading func- 
tions. J: L. Saunders, Jr., Brown University. 

The stress-strain relations of incremental theories of plasticity 
have recently been generalized by Koiter, who introduced the 
use of any number of loading functions instead of only one. The 
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present paper is concerned with incremental theory based on any 
number of linear loading functions. In this case the resulting 
plastic strain increments are integrable in a restricted sense and 
the stress-strain relations can be given in a form partially resem- 
bling deformation theories. The slip theory of Batdorf and 
Budiansky falls within the class of theories which are discussed in 
this paper. 


Inelastic behavior under combined tension and torsion. Mor- 
ris Feigen, Hughes Aircraft Company, Inc. 

Tests conducted on thin-walled aluminum tubes under com- 
bined tension-torsion show test results which fall between the 
predictions of the flow theory and deformation theory. A speci- 
men which is tensile-stressed into the plastic range will exhibit 
little or no plastic shearing strain under an applied torsion stress. 
With the torsion stress applied and held constant, however, 
plastic shearing strain will occur when the axial stress or axial 
strain is increased. If the torsion stress is removed after plastic 
shearing action has occurred and the axial strain is increased, the 
specimen will exhibit a plastic untwisting. 


Session 20: Beam Vibrations; Traveling 
Waves in Bars 


Vibrations of rotating beams of constant section. W. E. 
Boyce, Carnegie Institute of Technology; R. C. Di Prima, Mas- 
sachusetts Institute of Technology; G. H. Handelman, Carnegie 
Institute of Technology. 

Methods are discussed for determining approximate frequen- 
cies of a beam rotating at constant angular velocity about an axis 
at one end and vibrating transversely to the plane of rotation. 
Various boundary conditions at the restrained end are considered. 
The associated minimum principles and natural boundary condi- 
tions are developed. The Southwell principle yielding a lower 
bound on the first frequency is a well-known consequence. It is 
also shown that these principles can be made to yield lower bounds 
for all frequencies. A simple trial function yields close bounds on 
the first two frequencies. 


Timoshenko’s shear coefficient for flexural vibrations of 
beams. R. D. Mindlin, H. Deresiewicz, Columbia University. 

It is pointed out that Timoshenko’s shear coeflicient, in his 
equations of flexural vibrations of beams, depends on both the 
shape of the cross section and the mode of motion. It is shown 
how the latter may be taken into account by matching solutions, 
of Timoshenko’s equations and the three-dimensional equations, 
for simple thickness-shear motions of infinite beams of various 
cross-sectional shapes. 


Traveling compressional waves in an elastic rod accordizg to 
the more exact one-dimensional theory. Julius Miklowitz, 
U. S. Naval Ordnance Test Station. 

The traveling-wave character of the Mindlin-Herrmann one- 
dimensional theory of corapressional waves is established. A 
solution in accord with this theory is derived for the problem of a 
semi-infinite rod with an end excitation of a step-axial stress. 
A related finite rod traveling-wave solution is also derived. The 
velocity associated with the leading wave front in these solutions 
gives support for this theory as a physical model. 
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Session 21: Buckling of Bars 


Buckling of columns with equal and unequal end eccentricities 
and equal and unequal rotational end restraints. P. P. Bijlaard, 
Cornell University. 

A general analytical method is given for calculating the buck- 
ling stress of eccentrically loaded columns with any combination of 
end eccentricities and end restraints. In the general case the de- 
flections will gradually increase with increasing load until, due to 
plastic action, a maximum is reached, which is the eccentric 
buckling load. However, for columns with equal end restraints 
and equal and opposite end eccentricities a bifurcation point is 
reached, at which the column buckles in a superimposed sym- 


metrical mode. 


A method for estimating allowable load capacities of columns 
subject to creep. R. L. Carlson, A. D. Schwope, Battelle Me- 
morial Institute. 

A method for estimating allowable load capacities of columns 
subject to creep is presented. The method utilizes approximate 
stress distributions derived from iso-stress-strain curves to deter- 
mine column loads which are shown to be conservative for the 
time for which a determination is made. 

An application of the method is made to test data on a stabilized 
24S-T4 aluminum for two test temperatures. A comparison of 
the calculated load capacities with experimental load capacities 
indicates that the method satisfactorily estimates the decrease in 
column load capacity with increasing time. 


Prediction of very short time creep buckling from very short 
time tensile-creep properties. Henry W. Baer, Hughes Aircraft 
Company, Inc. 

Very short time tensile-creep data are used to predict local creep 
buckling of thin-walled cylinder shells. Strain-time behavior is 
described empirically by the formulae = A + Bt + C(1—e~*), 
A, B, C, and @ being functions of stress and temperatures. 
From these relations isochronous stress-strain curves are con- 
structed, yielding time-dependent tangent moduli, which are used 
in the applicable crippling formula to give time-dependent crip- 
pling stresses as functions of temperature. The criterion is 
shown to hold for QQ-M-44 magnesium alloy in both annealed 
and work-hardened conditions. 


Session 22: General Lecture 


Nonlinear vibrations of system with several degrees of free- 
dom. J. J. Stoker, New York University. 

In nonlinear systems with several degrees of freedom there 
exist, in general, no methods for determining the solutions ex- 
plicitly, except purely numerical methods which then of course 
require that the parameters of the system be given numerical 
values. However, if the nonlinearities are small in some appro- 
priate sense, the perturbation method of Poincare is available, 
particularly for the discussion of periodic motions. A descrip- 
tion of this method for both reguiar and degenerate cases is giver, 
together with a fairly typical example. If the motions to be 
treated are not periodic, considerable difficulties may arise; ‘n 
particular, the famous “difficulty of small divisors” can occur. 
In systems with several degrees of freedom, this difficulty seems 
quite likely to arise in many eases of interest from the physical 
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point of view. Attempts have been made to treat nonlinear con- 
tinuous systems, which means systems with infinitely many de- 
grees of freedom; in such cases the difficulty with small divisors 
may occur even in dealing with a purely periodic motion. The 
stability of periodic motions of nonlinear systems with several 
degrees of freedom, if treated by using the small oscillation crite- 
rion for stability, leads to systems of Hill’s equations; a brief dis- 
cussion concerning a few problems involving such systems will 
be given. 


Session 23: Elasticity 


Thermal stresses in rectangular strips. G. Horvay, General 


Electric Company. 

Stresses and deformations ensuing from application of a step- 
function temperature distribution to a rectangular strip are cal- 
culated by precise biharmonie eigenfunction expansions, by 
Fourier integrals, and by self-equilibrating function expansions. 
Superiority of the latter method, because of its great speed and 
yet adequate reliability, is clearly established. It is also shown 
that, contrary to expectation (whereby '/; FE a T = o,), the tem- 


7) 
perature step T is related to the design stress ¢,by EaT =~ @. 
0 


Stresses in a centrally heated disk. Henry Parkus, Michigan 
State College. 

Temperature and stress distribution in an infinite, thin disk 
heated by a temporary heat source which acts from t = 0 tot = 
@ are investigated. Dynamical effects are considered and residual 
stresses due to partly plastic flow in the disk are calculated. 


An Airy integral analysis of beam-columns with distributed 
axial loading that deflects with the column. C. M. Tyler, Jr., W. 
T. Rouleau, Carnegie Institute of Technology. 

An analytical method for determining the deflection, bending 
moment, and stability of beam-columns having partially uni- 
formly distributed axial loads which deflect with the member 
(their direction of action remaining fixed) is developed in terms of 
Airy Integral Functions. A table of the required integrals of 
the Airy Integral Functions needed for numerical computations 
is included. 


Stresses in a plate containing a ring of circular holes and a cen- 
tral circular hole. Peter P. Radkowski, Watertown Arsenal. 

This paper gives the stress distribution that occurs in a plate 
perforated by a ring of uniformly distributed holes and a central 
hole. The plate is in a state of generalized plane stress and sub- 
jected to constant radial tension at infinity. The stress function 
is determined by constructing and then combining two series of 
periodic biharmonic functions. The first series relates to the in- 
finite plate containing one circular hole; the second series relates 
to the ring of holes. 


A method for determining the stress distribution in a plate due 
to a uniform pressure applied over the boundary of a square hole. 
Cliff Smith Barton, Rensselaer Polytechnic Institute. 

This paper provides an analytical method whereby the stress 
distribution in a plate may be determined by superposition when 
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the boundary of a square hole in the plate is loaded with a uni- 
form pressure. Experimental results are obtained utilizing an 
interesting application of the principle of superposition. Experi- 
mental results are used in the development of and for comparison 
with the analytical solution. Solutions for stresses normal to two 
radial lines are developed, one line at 90 deg and the other line at 
45 deg to the flat of the hole. Graphs demonstrate the applica- 
tion of superposition and present the stress distributions. 


Session 24: Fluid Flow (Boundary Layer, 
Heat Transfer) 


Theoretical velocity and temperature profiles for the laminar 
boundary layer of the flow of a compressible fluid in the entrance 
region of a tube. Tau-Yi Toong, Joseph Kaye, Massachusetts 
Institute of Technology. 

The boundary-layer equations of momentum, continuity, and 
energy for flow of a compressible fluid in the entrance region of a 
tube have been solved for the special case of constant values of 
fluid viscosity and thermal conductivity. These equations were 
transformed into a set of ordinary differential equations, suitable 
for integration by means of the M.I.T. Differential Analyzer. 

The solutions presented here consist essentially of the velocity 
and temperature profiles in the laminar boundary layer. These 
profiles are compared with those for the laminar boundary layer 
of a compressible fluid flowing over a flat plate. 


Experimental velocity profiles for supersonic flow of air in a 
tube with and without heat transfer. Joseph Kaye, Geo. A. 
Brown, Massachusetts Institute of Technology; John J. Dieck- 
mann, United States Air Force; Edw. A. Sziklas, United Aircraft 
Corp. 

Measurements of velocity profiles for supersonic flow of air in a 
round tube have demonstrated that a laminar boundary layer can 
be maintained for a relatively long length of supersonic flow in a 
tube. The measured velocity profiles of a laminar boundary layer 
for tube flow agree well with those measured and predicted for a 
laminar boundary layer on a flat plate with supersonic free-stream 
velocities. Velocity profiles for transitional and turbulent 
boundary layers for tube flow are also presented and compared 
with similar data for plate flow. 


Heat transfer in crossflow. John L. Mason, AiResearch 


Manufacturing Company. 

The crossflow heat-transfer equation is solved by use of the La- 
place transform. The solution is in the form of an infinite series 
which converges more rapidly than previous solutions of the 
same problem, which were obtained by nonoperational methods. 
Engineering applications are cited. 


Hydraulic analogy applied to crossflow heat exchangers. S. I. 
Juhasz, Midwest Research Institute; !°. C. Hooper, University of 
Toronto. 

The hydraulic analogy for steady-state parallel-flow heat ex- 
changers is reviewed and its extension to the more complex prob- 
Jems of crossflow is presented. 

Basically, the solution is made by subdividing the crossflow 
heat exchanger into several finite rectangular heat exchangers and 
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solving each part in turn as a parallel-flow problem. A novel 
hydraulic-analogy arrangement, which permits this, is described. 

The analog permits direct solution of crossflow problems involv- 
ing complicated geometries and physical complications such as 
variable specific heat and heat leakage to surroundings. Slight 
modification of the analog allows the treatment of mixing in one 
fluid. 


A new examination of the concepts of adiabatic wall tempera- 
ture and heat-transfer coefficient. Tau-Yi Toong, Massachu- 
setts Institute of Technology. 

The laminar flow of an incompressible fluid over a flat plate with 
zero pressure gradient is studied in terms of the concept of the 
growth of an “incremental” boundary layer, when the thermal 
condition at the plate wall is subjected to an arbitrary change. 

Two cases are illustrated. First, the distribution of adiabatic 
wall temperature is obtained for a flat plate, which is insulated 
downstream of an arbitrary length of constant temperature from 
the leading edge. Second, the variation of heat-transfer coeffi- 
cient is obtained when the wall temperature is given a step change 
from the adiabatic value. 


Session 25: Dynamics 


Effects of mass distribution on critical speeds. C. A. Schulte, 
Ford Motor Company; R. A. Riester, Carrier Corporation. 

This paper gives the results of an investigation of the critical 
speeds of overhung rotors excited by rotational unbalance. 
Rotors of approximately identical weights, but different mass 
distributions, were used to determine both analytically and ex- 
perimentally the influence of the gyroscopic moment on critical 
speeds. No effort was made to provide external stimulus at fre- 
quencies other than the running speed 

Nine different shaft and rotor combinations were investigated. 
Tn each case, actual tests revealed a resonance condition corre- 
sponding to the critical speed of forward precession. In six of the 
nine cases, the critical speed of backward precession was observed. 


Application of dynamic vibration absorber to vehicles. James 
C. Settles, The Buckeye Steel Castings Company. 

This paper deals with the use of dynamic vibration absorbers 
for simultaneous control of forced linear and rotational motions of 
vehicles or similar systems. 

The equations for the motions of the main mass, the absorber 
masses, and the relative motion between the main and ab- 
sorber masses are presented. The equation for the phase angle 
between the separately forced motions is also presented and the 
effects of variations in speed and load are discussed. 

Examples are given of the application of the equations to sys- 
tems in which (1) tue absorber mass remains constant, and (2) 
the mass ratio remains constant. 


Semigraphical method' for plotting vibration response curves. 
Robert Plunkett, General Electric Company. 

A semigraphical method is described for constructing the vi- 
bration-response curve, asa function of frequency, for a continuous 
system. It will be as accurate as the values of the natural fre- 
quencies and the integrated values of the kinetic-energy terms 
associated with the various modes. It is illustrated by applica- 
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tion to the construction of the vibration response (mobility) 
curve of the center of a free-free beam. This curve is compared 
with experimentally determined values. 


An antiresonant damper for dancing cables. Joseph F. Shea, 
University of Michigan. 

This paper analyzes a simple antiresonant damper for dancing 
aerial cables. The cable is treated as a string subjected to nega- 
tive damping, the damper as a mass, spring, and dashpot at an 
arbitrary pointin the span. The relationships among the damper 
parameters which render the system stable are derived. The 
results indicate that dampers weighing five pounds or less should 
prove satisfactory for most cables which dance, provided that the 
spring and viscous elements are properly chosen. The calcula- 
tions are carried out for some typical cases. 


The derivation of a new kinetic-energy formula from the energy 
aspect of matter. Jakob Mandelker, Georgia Institute of Tech- 
nology. 

It will be shown in this paper that the motion of a body, whose 
mass increases with the velocity, is equivalent to motion with re- 
sistance, of the character of a continuous inelastic impact. In 
this case, however, kinetic energy cannot become equal to the work 
performed but must remain smaller. 

After introducing here the energy concept of matter mc? we 
obtain—strictly within the precincts of classical mechanics—the 
identical expressions for the mass, momentum, and work as in 
relativity mechanics, however a different, new kinetic energy 
formula. Only the latter conforms fully with relativistic kine- 
matics and with the required relativistic Lagrangian. 


Session 26: Plates 


A theory for thick plates. L. H. Donnell, Illinois Institute of 
Technology. 

A theory suitable for thick elastic plates is developed by start- 
ing with expressions suggested by classical thin-plate theory for 
the stresses as functions of the loading, and calculating addi- 
tional terms so as to satisfy more and more exactly the theory of 
elasticity. Expressions are thus obtained for stresses and dis- 
placements in the form of infinite series involving higher and 
higher derivatives of the loading. Of especial interest is the in- 
formation given regarding the most important errors in the classi- 
cal theory. 


Bending of a rectangular plate on an elastic foundation with 
two adjacent edges fixed and the others free. Gordon C. K. Yeh, 
Reed Research, Inc. 

Ritz’s energy method is used to obtain an approximate solution 
for the bending of a thin rectangular plate fixed at two adjacent 
edges and free at the other two edges which is supported by an 
elastic foundation. The solufion applies to gener?! distributions 
of lateral loads and foundation stiffnesses. It also includes the 
solution for a plate without foundation as a limiting case. Tables 
of coefficients necessary in setting up the simultaneous equations 
are given. Two numerical examples for square plates are pre- 
sented and, in one case, the result checks with that obtained by 


another method. 
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The influence of a small hole or rigid inclusion on the trans- 
verse flexure of thin plates. Yi-Yuan Yu, Washington Univer- 
sity. 

In the present paper the influence of a small hole and that of a 
small rigid inclusion on the transverse flexure of thin plates are 
studied by means of the complex variable method. The hole or 
core is of the shape of an ovaloid, of which the circle, the ellipse, 
and the square with rounded corners are special cases. The plate 
is very large in size compared with the hole or core, and constant 
bending moments, twisting moments, or shearing forces are 
transmitted through the plate in an arbitrary direction. Results 
are compared with those obtained by previous authors. 


Bending of thin rectangular plates. H. J. Fletcher, Brigham 
Young University; C.J. Thorne, University of Utah. 

A Fourier series solution is obtained for the deflection of a thin 
rectangular plate subject to a transverse load and any of the 
standard boundary conditions. An infinite set of equations with 
an infinite number of unknowns must be solved to obtain a solu- 


tion. A discussion of convergence is included. 


Stress singularities in angular corners of plates having linear 
fiexural rigidities for various boundary conditions. M. L. 
Williams, R. H. Owens, California Institute of Technology. 

Eigensolutions of the small-deflection variable-thickness plate 
equation for various combinations of homogeneous boundary 
conditions extend earlier results, with particular emphasis in this 
paper on thickness distributions obeying any arbitrary power law 
in the radial direction. It is tentatively proposed that, in general, 
the linear-thickness variaticn separates cases for which singular 
eigenstresses may or may not exist. If D ~ @ ~ r™3 cusplike 
variations, m > 3, yield vanishing stresses as the origin is ap- 
proached for all included angles, while for m < 3 (approaching the 
uniform thickness case as m —> (0) singular stresses may occur, 
depending upon the angle. 


Session 27: Fluid Flow (Laminar, Drag, 
Hydrofoils) 


Friction factor in the laminar entry region of a smooth tube. 
Ascher H. Shapiro, Robert Siegel, Massachusetts Institute of 
Technology; Stephen J. Kline, Stanford University. 

Three theoretical methods of computation of the apparent fric- 
tion factor for steady, incompressible flow in the laminar entry 
region of a smooth tube are presented. 

The results are found to agree well with experimental data. 

A critical comparison is made between the methods presented 
here and those of other investigators. 

In the range where Re, /Re,*? < 10~%, the theory gives 4farpRep 
= 6.88 (Rep/~/Re, — 5.76 + 333 ~/Re,/Re,) where fare 
is the local apparent shear stress coefficient (based on pressure 
gradient), and Rep and Re, are, respectively, the diametr and 
length Reynolds numbers. 


Form drag of composite surfaces. Hunter Rouse, Tien-To 
Siao, State University of Iowa. 
Following a free-streamline analysis of two-dimensional flow 


past multiple plates, experimental data are presented for the drag 
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coefficient of axially symmetric and three-dimensional arrange- 
ments of sharp-edged disks, rings, and plates as a function of the 
number, form, and spacing of the elements. It is shown that the 
form drag of a composite surface of given solid area can be varied 
over nearly a twofold range by proper disposition of its parts. 


On the flow and temperature fields in forced flow against a 
rotating disk. Arthur N. Tifford, Sheng To Chu, Ohio State Uni- 
versity. 

\ single-parameter, exact analysis of the flow field associated 
with a rotating disk in forced flow is presented. Plots of the ve- 
locity components for ten different ratios of disk-rotating speed to 
forced-flow speed are given. 

An exact solution, except for viscous heating effects, for the 
temperature field associated with a rotating disk in forced flow is 
obtained. 

When the Prandtl number is one and the radial surface- 
temperature distribution is parabolic, an analogy exists between 
the frictional torque and the rate of heat transfer. 


Limiting velocity by momentum relations for hydrofoils near 
the surface and airfoils in near-sonic flow. E. V. Laitone, Uni- 
versity of California. 

It is shown that the surface velocity over the upper surface of a 
two-dimensional hydrofoil has a definite limiting magnitude as the 
hydrofoil approaches the free water surface. This limiting con- 
dition is governed by the maximum depth available from the hy- 
draulic jump relations. 

Then it is shown that an analogous limiting surface velocity 
exists on a two-dimensional airfoil at high subsonic speeds. This 
limit in the magnitude of the surface velocity occurs in the local 
supersonic flow region and is similarly governed by the shock- 
wave relations. 


A study of gust entry of sweptback wings. Theodore H. H. 
Pian, Holt Ashley, Massachusetts Institute of Technology. 

The lift and moment growth on a swept wing upon entering a 
sharp-edged gust are determined by strip theory and by a “‘semi- 
three-dimensional” theory. The latter is based on the calculation 
of lift distribution of an infinite swept wing penetrating a gust 
front. This unsteady-flow problem is shown to be equivalent to a 
steady-flow problem involving an infinite swept wing with an 
angle-of-attack discontinuity at a spanwise station. Results 
indicate that, according to the improved theory, the airloads 
build up faster than what is shown by strip theory. 


Session 28: Structures 


A matric method of structural analysis. P. H. Denke, Douglas 
Aircraft Company, Inc. 

Matric formulations of the equilibrium equations, the Maxwell- 
Mohr equations of continuity, the A-equation of free vibration, 
and certain “linking equations,” are derived for statically de- 
terminate and indeterminate structures. The matric Maxwell- 
Mohr equations account for the effects of thermal stress, creep, 
initial distortion, residual! distortion, and settlement of the sup- 
ports. The combined equations provide a complete matric formu- 
lation which greatly facilitates preparing and coding data for the 
automatic digital computer. 
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A large deflection theory of redundant structures. E. F. 
Masur, Lllinois Institute of Technology. 

The classical theory of structures is extended to include the 
nonlinear effect of the bar deflections on the condition of com- 
patible axial deformations. The resultant theory is thus a coun- 
terpart of the von Karman theory of plates subjected to large 
deflections. 

Basic theorems (uniqueness, minimum energy, etc.) are derived. 
It is shown that the inclusion of the additional terms generall, 
corresponds to a strengthening of the structure. A numerical 
example is presented to illustrate the theory. 


Energy theory of buckling of circular elastic rings and arches. 
H. L. Langhaar, A. P. Boresi, University of Illinois; D. R. Carver, 
Kansas State College. 

The hoop strain at any point in a circular ring or curved beam 
that is deformed in its plane is expressed in terms of the displace- 
ment vector of the centroidal axis. The most important quadratic 
terms in the displacement components are retained. The hoop- 
strain formula leads to a strain-energy expression that includes 
the most important cubic terms in the displacement components. 
As an illustrative application, this formula is applied to the prob- 
lem of buckling of a semicircular arch loaded by a concentrated 
force at its center. Some related experimental data are pre- 
sented. 


Effective stiffness of a plate subjected to a local edge moment. 
I. A. Mohammed, E. P. Popov, University of California. 

This paper deals with the analysis of a simply supported 
rectangular elastic plate subjected to an applied moment uni- 
formly distributed over a finite distance. A general equation for 
the deflection of the loaded portion of a plate is derived. Then 
for the special case of an infinitely long plate with a moment ap- 
plied at the middle of one of the long edges, rotation of the plate 
at the applied moment is formulated. Adopting this rotation as a 
measure of the plate’s stiffness to an applied moment, the width 
of an equivalent simply supported beam is established. 
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Design Data and Methods 





It is important that the data contained in technical papers be made readily available to designing engineers. 


In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 


A Simple Nomogram for the Ratios of Octa- 
hedral to Maximum Shearing Stresses 
and Its Physical Interpretation 


By G. A. ZIZICAS,? LOS ANGELES, CALIF. 


A nomogram constructed exclusively by means of 
straight lines is presented, giving the ratio of the octa- 
hedral to the maximum shearing stresses for all possible 
stress distributions in terms of the nondimensional ratios 
of the two principal stresses to the one of maximum abso- 
lute The physical interpretation of the nomo- 
gram is discussed. It is shown that states of stress with 
constant ratio of octahedral to maximum shearing stress 
are represented by straight lines. To such lines are found 


to correspond fixed values of the deviatoric parameter 


2S, — $,— § 
S, - Ss 


value. 


= 


in agreement with a recent observation by Novozhilov. 
The values of u are given directly by the nomogram. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


principal stress of maximum absolute value, Ib in.~? 
two principal stresses of absolute value less or equal 


-9 


than absolute value of S,, lb in.~? 


- = nondimensional parameter 
S; 


value of a for 8 = —1 


o = nondimensional parameter 

S; 

function of a@ and 8 defined by Equation [8] 

analytical minimum of admissible values of y 

upper bound of admissible values of 

€ = percent difference between a value of p and its optimum 


Y min 
Y max 


value p, 
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maximum value of € 
2S: — Si— Sa ;' , 7 
~ yi = nondimensional deviatoric parameter 
S,;—S 

of theory of plasticity 


S, S; : 
= = maximum shearing stress, lb in, ~* 


octahedral shearing stress, lb in. ~* 


Tot } 
= nondimensional ratio of octahedral to maximum 


Tmax 

shearing stress 
upper bound of admissible values of p 
analytical minimum of admissible values of p 
optimum value of p defined by Equation [19 


INTRODUCTION 


Specific values of the octahedral shearing stress and the maxi- 
mum shearing stress are often used as criteria of yielding for plas- 
It is therefore of some practical importance to have 
Such informa- 


tic materials. 
a means of quick appraisal of their relative values 
tion, for instance, is the basis for an estimate of the differences in 
design that may result from the use of the one or the other cri- 
terion. In the following a simple nomogram is presented which in 
addition to satisfying this specific need gives an over-all concep- 
tion of the interrelation between these two theories for all possible 
stress distributions. 


FUNDAMENTAL RELATIONS 
Let S:, S: = aS;, Ss; = BS;. vr 1] 
be the principal stresses in the neighborhood of a generic point of 


a deformable body, where S, is the principal stress with the largest 


absolute value. It is assumed, without loss of generality, that 


> 
1>a>p2>-—t 


Then the maximum shearing stress is 


and the octahedral shearing stress becomes 


ho» _ 
Tot = —- V(1 — a)? + (1 — 8)? + (a — B)® 
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a= i, 
° 


be 
°o o 


P= Teas 


so that the ratio p of Toct to Tmax is expressed by 





2V/(1 — a)? + (1 — 8)? + (a— 8) 
i—-B 


Toct ra 
p=——= — 
Tmax 3 


If 8 = 1, Equation [2] implies a = 1 and for 
a= 8 =1, 
The value of the ratio p in this case is of little physical significance 
since Equations [6] answer completely the problem. Its mathe- 
matical value is undetermined and can be evaluated only by a 
limiting process, provided the path of a and @ in approaching the 
value 1 (say, in an @, 8-co-ordinate plane) is known. Such an 
analysis, however, depends on values 8 ~ 1 which are considered 
in the following: 
When 8 = 1, Equation [5] can be written 


Tott = Tmax = 0 


(1 — a)? + (a — B)* 
(1 — 6)? 





where y= 


from which follows 
2a* — 211 + Bla — (1 — 8)? +1+ B? =0 


This equation solved for a gives 


«=f 4520-9 VvA=i| 
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Fig. 1 Nomocram ror Ratios 
p OF THE OCTAHEDRAL TO THE 
Maximum SHEARING STRESS IN 
Terms or THE Ratios a = S:/ 
S: anp 8 = §S;/S; or THE Prin- 
CIPAL STRESSES TO THE STRESS 
S, oF THE Maximum ABSOLUTE 
VALUE 


or, in terms of the ratio p related to y by Equation [7] 


SRE 
a= ho + 8) +(1—8) yo) fy 


The last two equations show that for a fixed value of y or p the 
corresponding values of a and @ represent, in a Cartesian system 
of co-ordinates a, 8, straight lines which all pass through the point 
a=£B8=1., 

The range of admissible values of , hence also of p, is well 
known.? It will be specified here by determining its extremals 
when considered as a function of a@ and B which have values abso- 
lutely smaller than unity according to Equation [2]. Either one of 
the two necessary conditions dy/da = 0 and dy/08 = 0 applied 
on Equation [8] gives, when 8 ¥ 1 


2a— B= 


and results in the following values of y and p 
1 [2 
min = -, min = — = 0.8165..........[13 
Y ee Se : at 


which are readily checked to be minima. There are no analytical 
maxima, but yy and p have each an upper bound along the 


?See, for instance, ‘‘Theory of Perfectly Plastic Solids,”” by W. 
Prager and P. G. Hodge, Jr., John Wiley and Sons, Inc., New York, 
N. Y., 1950, p. 24, or ‘‘Weight-Strength Analysis of Aircraft Struc- 
tures,” by F. R. Shanley, McGraw-Hill Book Company, Inc., New 
York, N. Y., 1952, pp. 300-303. 





boundaries a = 8 and @ = 1 of the triangular domain defined by 
Equations [2]. These bounding values are 


Ymax = :. 


Pmax = 


THe NoMOGRAM AND ITs PuysIcaL INTERPRETATION 


In a Cartesian system with co-ordinates a and §, Fig. 1, the 
straight lines associated with constant values of y or p in Equa- 
tions [10] and [11] are readily drawn if, in addition to the common 
1, their intersection with the line 8 = —1 is 
According to Equa- 


point a = 6 = 
specified by the corresponding abscissa @ 
tions [10] and [11] 


‘: (3p? — 2) 


Its numerical values are given in Table 1 for values of p in steps 
equal to 0.01 


NUMERICAL VALUES OF y AND a; = + V/2y—1 
2 3 3 
7 +V/2y—1 + V2y—1 
5000 0 +0.696 
5129 +0.161 23 +0.751 
5500 +0.317 225 +0.803 

0.5876 +0.419 l 132 +0.852 
6256 +0.501 2 ¢ +0.899 
6641 +0.57: 3 946 +0.944 
7030 +0.637 94: ; +1.000 


TABLE 1 


On the basis of these data the simple nomogram of Fig. 1 has 
been constructed. It readily gives the value of p = Toct/Tmax for 
any stress distribution for which the principal stresses are known. 
By including the symmetric of the nomogram with respect to the 
first diagonal a = @ the restriction a > 8 has been removed. The 
only important assumption is that S, is the principal stress of 
maximum absolute value. 

It is interesting to examine the physical meaning of the various 
elements of the nomogram. It is noted that each straight line 
emanating from the point (+1, +1) corresponds to states of 
stresses with a fixed ratio of the octahedral to the maximum shear- 
ing stress. Moreover, the deviatoric parameter yu of plasticity* 

[16) 


where S,; 2 S, > S; are the three principal stresses, can be written 
in terms of a and @ with minus sign in front of u when S,; < 0 


If Equations [10], [11], and [15] are taken into consideration the 
foregoing expression gives 


~ 3 
t+yp=t V27—1 = + 4 —2) =a-,....[18] 


These relations establish in a different way the recent observation 
by V. V. Novozhilov to the effect that fixing the value of 
the parameter yu is equivalent to assuming a constant value of the 
ratio of the octahedral to the maximum shearing stress.‘ In terms 
of the nomogram of the present paper they show that the abscissas 
of the intercepts of lines of constant ratio p with the line 8 = 
—1 give the value of uw if 8; > 0, or —yp if S, < 0, associated 
with this value of p. The value of p for all the possible states of 


*See, for instance, ‘‘Theory of Flow and Fracture of Solids,” by 
A. Nadai, McGraw-Hill Book Company, Inc., New York, N. Y., vol. 
1, second edition, 1950, p. 106, 

«**The Physical Meaning of the Stress Invariants of the Theory of 
Plasticity,’ by V. V. Novozhilov (in Russian), Applied Mathematics 
and Mechanics, Academy of Sciences of USSR Publication, vol. 16, 
1952, pp. 617-619. 


s = 0.5347 S, 


WHT 


WIAA 
S,=0.4653 5, 


Two-DimensionaL Stress Distatsutions Wira Optimum 
To THE Maximum SHEARING Stress 


I) 


Fic. 2 
RaTio OF THE OCTAHEDRA! 


stress having a given value of parameter y is also given by the 
nomogram. 

The difference between the octahedral shearing-stress and 
maximum shearing-stress criteria may be narrowed if in view of 
the small range of values of their ratio p this ratio is fixed at an 
optimum. Then the physical value of either Tmax OF Toce may be 
chosen for each material so as best to fit experimental data for the 
occurrence of yielding under all possible stress distributions, or all 
stress distributions appearing in the problem under consideration. 
If the optimum value p, of pis chosen so as to make the maximum 
difference between the values of any p and p,, a minimum, then 
clearly 


l 
Pp. = 5 (0.8165 + 0.9428) = 0.87965 [19] 


leading to the maximum per cent difference 


0.9428 — 0.87965 0.87965 — 0.8165 


0.87965 


0.87965 


= 7.18 per cent.........[20] 


xX 100 


€max 


The value p, = 0.87965 given by Equation [19' corresponds, for 
instance, to the two-dimensional stress-distributions 

S,, S: = 0.55 17S,, S; = 0 
or S:, S: = 0.4653S,, S; =(.. 


which can be read off directly from the nomogram and are shown 
in the sketches of Fig. 2. 








Brief Notes* 





On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
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usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
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Impulsive Loading on an Elastic 
Half-Space 
By J. H. HUTH? an J. D. COLE? 


This brief note considers the wave system resulting from 
a step loading on an elastic half-space. A similar problem 
was treated by H. Lamb’ in 1904, but his interest was in 
surface tremors rather than the stresses treated herein. 


ANALYSIS je 

To eds 
ee — Se or ;_*- - 
Consider the elastic half-space z > ‘ Qni J-io 8 


0 and introduce the evlindrical co- . 
ordinatesrandz. At the time? = 0, 
let a unit normal loading be applied 
on the surface within a circular region Jo 
of radius ro. 

It is well known that the displacement vector can be expressed 


os 


For cylindrical symmetry W has only 


—> as 
as u = grad @ + curl y. 
one component, and we have 


0° 1 


aX 1 aX 
r or dz? ~~ C;,? ae 
oy . d/l ort) 1 oy 
2? or \r or e Cz? Ol? 
The axial and shear-stress components are then 


‘icone (2 ory) at) “a (“¢ 
r Or oz dz? or? 


| 


[2 vp ay PY (: av) | 
od et oF oz? or \r or ) 
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Here C;, and C are the longitudinal and transverse wave speeds, 
respectively, and A and yw are Lamé’s constants. 
The boundary conditions are 


o*(ry) i a(ry) - d*(ry) ow 


or? , & oz? 
re) ra] oo 
\ (- e))+a+2wr : 
or or oz? 


Or Oz 


Laplace transforms of the solutions of Equations [1 


6 = f f(3 ye 
e 


. 


appear as 
/CLtz J of 8r)d3 


°° - 
5 = 2+ #2 ‘pls 
{ alaye va CT 2 Ji(ar ta 


. 


Substitution of Equations [4] into the Laplace transform of 
Equations [3] leads to a pair of simultaneous integral equations 
for f and g. 
formula for the Hankel transform. 

The resulting expression for the normal stress becomes 


These may be solved with the aid of the inversion 


Jo rB)Ji(7ro8 (282 + 8? 


0 (232 + g2 C7)? 


Jo(rB)J(ro8 13?) \ (82 
[(232 4. 92 Cr*)? 


iy 


The first double integral describes the longitudinal waves, 
the second describes the shear waves, Similar integrals exist 
for T,,. 

These integrals contain the information shown in Fig. 1, At 
any instant the half space has four main regions: Region I—un- 





-Region OD 
Region] 


Fic. 1 Stress Frevp 


stressed; IIl—uniform stress; I1I—purely longitudinal stress 
field; IV—combined longitudinal and transverse fields. 
Various approximations to Equation [5] van be studied. 
ing point is the acoustic approximation (¢ and Cy — 0) for longi- 
tudinal waves which is exactly valid in region II, and shows both 


Astart- 


‘For the two-dimensional concentrated load see ‘‘Der elastische 
Halbraum bei einer mechanischen Beeinflussing seiner Oberflanche,”’ 
by F. Sauter, Zeitschrift fiir Angewandte Mathematik und Mechanik, 
vol. 30, July, 1950, pp. 203-215. 
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BRIEF NOTES 


regions Il and III. Along the axis = 0) the acoustic stresses 


Region I 


Region IT 


Region IIT 


- Ty" 


Corrections can be studied with the aid of Equation [5]. 
CONCLUSIONS 


The stresses in the one-dimensional ‘‘head’’ (Region IIT) are 
The maximum width of this “‘head”’ is 2ro, and its 
However, the 


given exactly. 
depth along the axis falls off like 1/z* for large z. 
magnitude of the stresses within the “head” remain constant. 
This and the abrupt drop behind indicate the one-dimensional 
head could be of considerable importance in spalling problems, 
but it appears to have been overlooked by investigators in this 
field.® 


treated by the same method. 


Integrals representing reflected waves can be obtained and 


Influence of Primary Creep 
on Column Buckling 


By F. K. G. ODQVIST,' STOCKHOLM, SWEDEN 


N his Wilbur Wright Memorial Lecture read before the Royal 

| Aeronautical Society? in 1953, N. J. Hoff discussed the prob- 

lem of the creep buckling of a hinged-hinged column with an 

idealized I-section consisting of two flanges each of a cross sec- 

tional area A/2. The material was assumed to follow Norton's 
power law for secondary creep rate. 

In this note Hoff’s formula will be generalized so as to include 
the effect of primary creep which was treated by the author in re- 
cent papers.** Thus the total creep rate at variable uniaxial 
stress o may be put 

(de/dt) = kyo™0~"(da/dt) + ko"... 
where ko, mo, k, and n are constants depending on temperature 
only. The case kj = 0 corresponds to Hoff’s assumption. Values 
of the constants may be obtained from the author’s previous 
paper,‘ but it should be remembered that mo and n of the present 
note correspond to my — 1 and n — 1 of that reference.* The rule 
ny <n holds for all cases investigated. In particular, nm = 2,n = 3 
are sufficiently accurate choices for aluminum alloys at 200 C. 


5 For example, the exponential in the acoustic approximation can 
be related to a Bessel function of half-order. Then see “Theory of 
Bessel Functions,” by G. N. Watson, twenty-fourth edition, Cam- 
bridge, 1948, p. 416, Equation (2) for evaluation of the Bessel function 
integral. 

6 “Some Quantitative Data Bearing on the Scabbing of Metals 
Under Explosive Attack,” by J. Rinehart, Journal of Applied 
Physics, vol. 22, 1951, pp. 555-560. 

1! Professor of Applied Mechanics, Royal Institute of Technology. 

? “Buckling and Stability,”” by N. J. Hoff, Journal of the Royal 
Aeronautical Society, January, 1954, p. 3. 

“Influence of Primary Creep on Stresses in Structural Parts,’ 
by F. K. G. Odgvist, Eighth International Congress of Applied Me- 
chanics, 1952, Proceedings, Istanbul, Turkey, 1953, p. 99. 

‘“Influence of Primary Creep on Stresses in Structural Parts,” 
(complete publication), by F. K. G. Odqvist, Transactions of the 
Royal Institute of Technology, Stockholm, Sweden, Nr 66, 1953, p. 
17 


Manuscript received by ASME Applied Mechanics Division, 
April 9, 1954. 


205 


Equation [1] is assumed to hold true for total strains € of the 
order 
10 <€e< 107? 


The first 
tion [1] corresponds to slip deformation within the grains 
and second term to viscous creep. This calls for a re 
striction as to the validity of Equation [1]. It can hold 
only if de/dt has the same sign throughout the 
studied. If de/dt changes sign, the first term in the right 

hand member of Equation [1], the “slip 
omitted because slip deformations are not recoverable 
the plastic work, that is, 


term in the right-hand member of Equa 


proce Ss 
term,’” must be 
Simi- 
larly for three-dimensional cases, 
the scalar product of the stress deviation tensor and the creep- 
rate tensor, has to be positive in order that the term corre- 
sponding to primary creep shall be retained 

In the buckling problem under consideration o and € are taken 
If the column is loaded 
at time ¢ = 0 with a constant load P causing a bending momen 
M and a deflection y one has 


positive when they refer to compression. 


P =(¢,+0,(A/2), M = Py = (ce, a,)( 

where h is the distance between the flanges, and the subscripts « 
and ¢ refer to the flanges on the concave and the convex sides, re- 
spectively, of the column. In consequence of the statements mack 
earlier, the creep rate de,/dt includes the slip term of Equation [1 
while the creep rate de,/dt does not. Bernoulli's assumption 
gives 

(de, /dt 


(de,/dt = h(0*y/dtdr?) 


Introduction of the dimensionless variables 


»= Qy/h, wr/L = é 
where L is the length of the column, and of the dimensionless con- 
stants I], A 

Il = 2k(L/rh)P/A A = 2ko(L/rh)P/A 
result, after eliminations, in a single equation for the deflection of 
the column 


tw ow 
= = —A(1 + w)*-!'— +I ((1 — w)- 
dt dF? ot 


-(1 + w)"| .[6 
When A = 0, this equation reduces to the one derived by Hoff 
2, = 3 is particularly simple and still of in- 
terest, e.g., for aluminum alloys, one may use Hoff’s method of 
solution. Put w = a(t) sin &— and retain only the first term of a 
Fourier series in € which satisfies the boundary conditions. The 
resulting ordinary differential equation for a(t) can be integrated 


As the case np = 


in closed form with the initial condition ¢ = 0, a = ap, where ay is 


the initial maximum deflection of the column. One obtains 


4+ a? 4A 
4+a° 3 


2a ay 
tan=! 


3Il , -- a? 
: : i 
2 8 . ay? 


4 + aa 


which is the proposed generalization of Hoff’s results. It shows a 
more rapid growth of a with time when the initial deflection: are 
equal. 

It is obvious that the foregoing theory can hold only for such 
moderately slender columns for which the bending strains pre- 
dominate over the uniformly distributed normal compressive 
strains. This excludes the possibility of passing to the limit ap = 
0 and/or II = 0 in Equation [6]. Moreover, Equation [7] should 
be used only as long as w does not exceed unity. 
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Bending of Plates Bounded by Conics 
and Clamped 


By S. WOINOWSKY KRIEGER,' QUEBEC CITY, 
CANADA 


simple solution for a uniformly loaded wedge plate recently 
given by H. Reismann? suggests a just as simple generaliza- 
Consider a thin plate clamped along the conic section 


(1) 


tion. 


L = az? + 2hry + by? + 2gx + Ay +e = 0... 
and subjected to a load of the intensity 


Pp q + sr + ty. 


in which q, 8, and ¢ are constants. 
Let 
2. 2 ee [3] 


w= 
be the expression for the deflection of the plate, the required bound- 
ary conditions being then satisfied by any constant values of a, 8, 
+. Substituting this tentative solution into the differential equa- 
tion 


DAAw = | 
in which D denotes the flexural rigidity of the plate one arrives at 
the result 
32(3ag + 2fh + bg)8D = 32(3bf + 2gh + af)yD 
8(3a? + 2ab + 3b? + 4h*)D 


l — 
l(a? + 2ab + 5b? + th?)s -~4(a + b)ht]} 


== - i(e 
24ND 
Z| 


= - - tla a b)hs]} 
24ND 


[(b? + 2ab + 5a? + 4h*)t 


~b)*h? + 16h* 


.. [6] 


l6a°b? + (5a? + 2ab + 5b?)(a + b)? + S(a 


and thus the solution is established. 
Taking especially an elliptical boundary one obtains some well- 
known solutions due to G. H. Bryan.’ For a wedge plate sub- 


mitted to a uniform load one has 


L=y'—z'tan?a, p=q 


and, furthermore, s = ¢ = 0; the result 


x? tan? a)? 


qty? é : 
2 tan’a + 3)D 


= 18) 
8(3 tan‘ @ 
then is equivalent to that of H. Reismann. 

The practical value of the obtained solution [3], quite evident 
in the case of a closed boundary, becomes rather questionable for 
plates bounded by parabolas, hyperbolas, or two intersecting 
straight lines, for the deflections and stresses then increase in- 
finitely with the increasing distance from the given open boundary. 


' Profdssor of Structural Engineering, Laval University. 

?“‘Bending of Clamped Wedge Plates,’’ by Herbert Reismann, 
JouRNAL OF APPLIED Mecuanics, Trans. ASME, vol. 75, 1953, p. 
141. 
3A Treatise on the Mathematical Theory of Elasticity,’’ by A. C. 
H. Love, University Press, Cambridge, England, fourth edition, 1934, 
pp. 484, 486. 
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Consequently, every additional boundary, practically inevitably, 
will lead to a complete dislocation of stresses resulting from the 
basic solution. 

The general Solution [3] still holds in the event of an ortho- 
tropic plate with a load distributed according to Equation [2]; 
merely the constants a, 8, and yy then must be altered as they be- 
come dependent on three rigidities‘ instead of being dependent on 
a single one, D. 

Lastly it should be noted that just as in the case of Bryan’s 
solutions for the elliptical plate a possible mode of stress distribu- 
tion throughout an appropriately bounded thick elastic plate 
can be obtained from the general solution [3]. 


On the Rate of Growth of 
Fatigue Cracks 


By F. A. McCLINTOCK! ano F. J. RYAN,? 
CAMBRIDGE, MASS. 


y, K. HEAD’S theory for the rate of growth of fatigue 

* cracks? is derived from the model shown in Fig. 1, consisting 
of rigid-plastic elements P, of length a» which yield at stress s, and 
work harden linearly until fracture at strain e,; elastic elements 
E, with modulus £; and shear elements S, with elastic shear 
modulus £/2. If L = crack length, s = applied stress, NV = 
number of cycles, and NV.» = number of cycles to failure, he found 


[s*/(s, — 8)*] [Na — N][1/(24 V2 Eeyay’’*)] 


= if 
L~“?= 


Thus a plot of L~'/? versus N should give a curve whose 
slope is a function of the yield stress of the material and 
the current level of repeated stress, but independent of 
the past stress level. For tests at a constant level of re- 
peated stress, Head did find a constant slope. This note 
reports tests on specimens subjected to varying levels 


of stress. 
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Report or Tests 

The material was '/,-in. cold-rolled B1112 steel with a propor- 
tional limit of 86,000 psi, a yield strength (0.2 per cent offset) of 
107,000 psi, a tensile strength of 109,000 psi, and a 37 per cent re- 
duction of area giving a logarithmic strain at fracture of 0.45. 
The specimens had a minimum diameter of 0.145 in. with a 1-in. 

‘Theory of Plates and Shells,” }y S. Timoshenko, McGraw-Hill 
Book Company, New York, N. Y., t.rst edition, 1940, p. 189. 

1 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Assoc. Mem. ASME. 

? Graduate Student, Massachusetts Institute of Technology. 

3**The Growth of Fatigue Cracks,’’ by A. K. Head, Philosophical 
Magazine, vol. 44, September, 1953, pp. 925-938. 

Manuscript received by ASME Applied Mechanics Division, June 
18, 1954. 
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TABLE 1 

(A) Stress, Ksi , 60 
(K, in.*/2/lb) (—10°) - 1.8-2.8 

(B) Stress, Ksi 40 
(K, in.*/2/1b) (—10") 5.1-6.5 
(C) Stress, Ksi 


si 60 
(K, in.*/2/lb)(—10*) 1.3-1.9 
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Resutts or Tests on Specimens SuBJECTED TO VARYING 
LEVELS OF STRESS 


Fig. 2 


Final polishing was done with 
Rotary bending tests were run 
The tests were 
Subse- 


longitudinal radius of curvature. 
4/0 emery in a diagonal direction. 
at 6000 rpm and an initial stress of 80,000 psi. 
stopped frequently for microscopic examination at 30X. 
quent stress levels were lower to minimize work hardening of the 
specimen as a whole during crack growth. 

Fig. 2 shows the results. Except for a brief “incubation 
period” after changes in stress, the slopes are fairly constant for 
any stress level and independent of past history. Twenty-to-one 
uncertainty intervals for the slopes were ‘“‘guesstimated” from the 
original large-scale plots after the incubation periods. The 
theory predicts that the quantity (dL’~'/*/dN)(s, — s)?/s*, de- 
fined as K, should be a constant. This constant is presented in 
Table 1, based on s, = 150,000 psi. (Values of 120,000 to 190,000 
psi would not affect the results seriously.) Constraint at the root 
of the crack may be the reason that the best fit is found with s, 
higher than the tensile yield stress. While the slopes vary by a 
factor of as much as 100, in almost all cases the uncertainty inter- 
val for K extends to within a factor of 1.5 of —2.5 X 10~* in.'/*/Ib, 
and variations from this value are not systematic. Thus Head’s 
theory seems to explain most of the effect of stress level on the 
rate of crack growth. But while K seems constant, its magnitude 
is not satisfactory, for with e, = 0.45, E = 30 X 10° psi, and ag 
= 10~* to 10~* in., the theory predicts —0.22 X 1077 to —2.2 X 
10-7 in.’/*/Ib. 


CONCLUSION 


Perhaps some of the assumptions of the theory should be re- 
examined. The width of the plastic region may not be constant 
as the crack proceeds. Perhaps the shear elements should have 
plastic, as well as elastic, properties. Provision should he made for 
carrying a compression load across the crack. Furthermore, the 
theory predicts that under static loading of a work-hardening 
material, a crack will propagate to failure when the mean stress 
reaches the yield point, which is not observed in notched tensile 
tests. 

In conclusion, the authors feel that the foregoing results, while 
based on rather meager data, indicate both enough agreement and 


VALUES OF K 


40 3C 20 
1.3-1.7 ; 3. 4.2-8.4 
20 30 40 

0 0.8-1.1 1.8-4.1 


40 20 40 
1.0-1 3.8-9.3 1.2-2.6 


enough discrepancy between Head’s theory and experimental 
data to make the theory of practical interest and at the same time 
to warrant further study. 


Rounded Corner of a 90-Deg 
Elbow—Two-Dimensional 
Potential Flow 
By ROBERT LOWY! 


HE two-dimensional irrotational flow of a frictionless incom- 
iL pressible fluid around sharp corners shows two extreme possi- 
bilities, either infinite velocity or separation. Solutions of 
avoiding the infinite velocity and the separation can be brought 
about by rounding-off or by rounding-out of the inner corner. 
Problems of this nature are treated in the form of term papers 
by graduate students in Advanced Fluid Mechanics at the Uni- 
versity of Pennsylvania and are published in condensed form by 
the author in bulletins of the Civil Engineering Department. 
The simplest method of rounding-off can be obtained by assum- 
ing a constant velocity and constant pressure along the rounding- 
off (an example for a 90-deg elbow is shown in Bulletin No. 3, 
Problem No. 9) and is represented in the following expression 


v, + ww, = (vz? + v,*) (y ‘tanh (go +iv) +k 
+ Vtanh (yg + iv) —k) 


where z, y are the co-ordinates; v,, v, are the velocity components; 
y, W are the potential and stream-function of the flow system; 
and k is a constant. 

The disadvantage of such a rounding-off is present in the fact 
that the pressure gradient is infinite at either end of the rounding- 
off curve, without pressure discontinuity. At the leaving end, 
with a sudden pressure increase, a separation almost certainly 
will occur in practice. 

To avoid the possibility of a separation we must abandon the 
assumption of a constant velocity along the rounding-off curve 
and utilize a more general solution for such a 90-deg elbow as 
may be expressed in the relation 

v, + iv, = (v,? + 0,2) ZC; [tanh (og + iv) + kJ" 7/8 
where C,, k; are constants with +1 > k; > —1; n is a positive 
integer. The rounding-off curve on the inner wall, Y = 0 starts 
and ends at the extreme values of k;. The outer wall y = 7/2, 
has the stagnation point in the corner at g = 0. 

We presume as an example, Fig. 1, of a 90-deg elbow having 
equal shank widths (B), with the average velocity » therein. 
Furthermore, the flow should proceed in the direction from x = 
+o toy = —o with a short acceleration before the rounding- 
off and a smz.ll deceleration at the start of the rounding 
The velocity gradient at the 


Similar 


conditions exist in a venturi tube. 
Engineering, The Towne Scientific 
Associate 
Mem. 


1 Special Lecturer in Civil 
School, University of Pennsylvania, Philadelphia, Pa.; 
Professor, Pennsylvania Military College, Chester, Pa. 
ASME. 

Manuscript received by ASME Applied Mechanics Division, July 
13, 1953. 
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beginning of the rounding-off should be along the straight wall, 
dv/dzr = , and along the curve dv/ds = 0. 
The particular solution for this case is expressed by 
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iv, = (v,? + v,?) [(tanh (g + iv) + ke)*/? 

+ C(tanh (¢ + iv) — k,)'/?] 

The foregoing conditions yield the relations between aie 
C 

+ C1 — hy = (1 ha) 

+ C(1 + hk) 


l l = (1 a k,)*/? 
? = 2B/r 


and C = (ki + kz) V 3 where B is the channel width. 
The co-ordinates of the rounding-off curve can be found by 
integrating 


dr/dg = (tanh ¢ + ke)/? = ¢°/2 
and dy/dg = C(k, — tanh g)/? = Cu 


where ¢ and u are new variables (functions of ¢) which change 


along the rounding from Vk: + ke to zero. 
The co-ordinates of the rounding can then be computed from 


z = (1 + ky)? tanh-' Wt/(1 + he) + (1 — fe)” 
tan-? Vt (1 —k:) —2 Vt 


tan~! Vul - ky] (ki + ke) WV ‘3 

The velocity at the start of the rounding is x, = 1/(ki + k2)’ 
and at the end of the rounding-off curve is x. = n/V 3. 

Typical examples of such roundings are presented in Fig. 1. 
The velocity and pressure conditions along such a curved border 
wall and on the subsequent straight wall are far better than for 
a rounding with constant velocity. 

If we had more knowledge concerning the boundary layer and 
the permissible velocity gradient without producing separation 
in diffusors we could obtain an even better 90-deg two-dimensional 
elbow by making use of the foregoing general equation by using 
more terms with various exponents of n. 








Discussion 


Analysis of a Nonlinear Dynamic 
Vibration Absorber’ 


Karu Kuorrer.? The author's conclusion reads: ‘The ef- 
fect of the nonlinearity of the spring of the dynamic absorber is 
to prevent the existence of sharp resonant peaks and to introduce 
odd harmonic components of relatively small amplitudes in the 
motion of the two masses,” 

This statement contains two essential points; 
ence of sharp resonant peaks, (2) introduction of higher harmon- 
ics. On both of these points and two minor additional ones I 


i.e. (1) nonexist- 


wish to comment. 

1 If the first part of the statement is to mean that there can- 
not exist any unlimited values for the amplitudes of the displace- 
ments of the two masses in the absence of damping (or equiva- 
lently, no high values of the amplitudes for small damping), I 
am sorry that I have to disagree with the author. 

The author’s statement in essence is based on the discussion of 
his Equation [35], called the “Amplitude Equation.” The dis- 
cussion, as given, does not reveal any unbounded values; in 
particular, at the crucial frequency w, the author finds (see his 
Equation [38]) a single and finite value for the amplitude A of 
the relative displacement 

Py m + me 
B/a = : 1} 
k me 
It is the author’s discussion of his Amplitude Equation [35] 
for this particular frequency w@ = a», however, which I consider 
It appears that the author has overlooked the 
A/a tending toward infinity 
limiting 


incomplete 
possibility of the quantity B = 
whilst the factor (wo~* — w~*) goes toward zero. <A 
process reveals two possibilities: 


(a) The author’s result, as listed here in Equation [1], 


° 
W* 


(b) B— In if w — aw from below. 


@,? 


In order to demonstrate these results, we start from the 


author’s Equation [35], which may be written as 


a? 2ko 1 l aP, 
-—1)B + @2? | - - 1,(B) = [2] 
wd? k Wp? a? k 


and we propose to find the values of B as w* tends toward a’. 
For this purpose we denote w? = wo? (1 + €) or conversely € = 
(w? — wp*)/w@*?. The bracket in Equation [2] then becomes 
[wo ? — w~*] = €/wo?. Introducing, furthermore, the frequency 
ratios wo*/w,? and w.*/w»? according to their definitions, we ob- 
tain from Equation [2] 
Me kom +m, aP, 
——_— +2 ——¢€],(B) = a 
m, + me k mM, k 
and we wish to learn what values B may assume as € tends toward 


zero. Obviously, two possibilities are to be considered: 


(a) B stays finite as e —~ 0. 


1 By L. A. Pipes, published in the December, 1953, issue of the 
JouRNAL OF AppLiep Mecuanics, Trans. ASME, vol. 75, pp. 515-518. 

? Professor of Engineering Mechanics, Stanford University, Stan- 
ford, Calif. 


In this case the term containing € vanishes, and we find from 
Equation [3] the author’s result, as denoted here in Equation 
[1]. 

(b) B goes toward infinity in such a way as to cause the prod- 
uct €/,(B) to stay finite. 
In this case, Equation [3] of this discussion, after being divided 
through by B, simplifies to 


(—e)1(B) _ 1 k me? 
B 2 ke (m + 


m,)? 


From this form we conclude first that € is to be a negative (or 
meaning that w* is to approach the value 
mr the 


€ a positive) quantity, 


w* from below. Using the asymptotic expression fi modi- 


fied Bessel functions 


and taking logarithms, we find 


3 ; 1k 
In(—e) + B ln B ln 27 = In 
2 2 } (yn 


In this equation all terms but the first two are irrelevant as (—e) 


tends toward zero and B toward infinity, and we are left with 


>>~ 


> 


or, equivalently 
B/a = 


is stated in the foregoing. 

Thus infinite values for the amplitude A of the relative dis- 
placement (2; Zz) are possible and with them infinite values 
for the amplitudes of the displacements z; and x, themselves 
wy is a “resonant frequency” indeed, and the response curves do 
exhibit sharp resonant peaks. 

The author has indicated a graphical procedure 
Amplitude Equation, but no response curves (ampiiiudes versus 
At Stanford University we have investi- 


ving the 


frequency) are given. 
gated nonlinear systems of two degrees of freedom for quite some 
From our results, I wish to show the response curves for a 
The method 
fact is im- 


time. 
system equivalent to the one treated by the author. 

the author’s but this 
material in this connection. The system is built exactly like the 
one treated by the author with the sole exception that the restor- 


used differs somewhat from 


ing foree-displacement relationship contains a linear and a cubic 
term only, whereas the author uses a transcendental relationship 
This detail, however, 
herewith, 


expressed by a hyperbolic sine function. 
does not influence the results appreciably. Fig. 1, 
shows the response curves for a system having the equations of 
motion 


me + ati + O(a — 22) (1 + pe*(z1 — 2 
Mode + C2(r2 — 2:)[1 + pe?(z2 — 2: 


r2)?] 

)*] 
and one will recognize clearly that, in spite of the nonlinearity in 
the second spring, there is a definite frequency, designated by 
Ne, and corresponding to the frequency win the paper, for which 


the amplitudes of both masses, represented by the quantities 
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Fic. 2 Response Curves 

Q: and Q:, become unbounded. The finite values for Q; and Q: at 
@o, corresponding to the value A of Equation [1] of this dis- 
cussion, may be recognized as well (designated by 0). If in the 
system, having two springs, not the second but the first spring is 
nonlinear, there exists also a resonant frequency; as is shown in 
Fig. 2 of this discussion. 

The resonant frequency wo has the value wo? = ¢;/(m: + mz) for 
the system having the nonlinearity in the second spring, whereas 
it has the value wo? = c2/m, if the nonlinearity is present in the 
first spring. In the first case the resonant frequency w» coincides 
with the natural frequency of a single-degree-of-freedom system 
consisting of the first (linear) spring and the two masses com- 
bined, in the second case the resonant frequency coincides with 
the natural frequency of a system consisting of the second 
(linear) spring and the second mass alone. These results may 
be interpreted readily: Because the nonlinear springs are be- 
coming increasingly stiffer as the displacements grow they finally 
turn into practically rigid connections. And the resonant fre- 
quencies are the natural frequencies of those linear systems in 
which the nonlinear springs have been replaced by rigid connec- 
tions, One realizes immediately the importance of one spring 
being linear for the occurrence of the resonance phenomenon. 
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Let us contrast these systems with two others: The system 
of one degree of freedom has a response diagram as shown in 
Fig. 3, of this discussion. A system of two degrees of freedom 
having three springs, the outer two of which are nonlinear, 
possesses a response diagram as shown in Fig. 4. In either of 
these two cases there exists no finite frequency for which the ampli- 
tudes of the displacements would become unbounded; i.e., no 
resonant frequency. This result in turn agrees with the ex- 
planation given previously: There is no possibility of free vi- 
brations if the nonlinear springs are replaced by rigid connections. 

2 Turning now to the second part of the author’s conclusion, 
I concur with his statement that higher-order terms are intro- 
duced into the solution. However, I wish to point out that these 
terms may have amplitudes which differ considerably from the 
ones given in the paper. The treatment of the higher-order 
terms in the paper appears to be inconsistent. Having neg- 
lected higher-order terms in his Assumption [27] the author 
should not carry such terms later. I would recommend omit- 
ting higher-order terms altogether from the formulas. The 
alternative, carrying all, or even some, of these terms in a con- 
sistent manner, would render the calculations quite a bit more in- 
volved. 





DISCUSSION 


3 The third point I would like to make has been touched 
upon already. I fail to see the significance and the advantage of 
the author’s choice of a transcendental function for the force- 
displacement relationship in the absorber spring. A cubic term 
besides the linear one would suffice for the purpose and would 
render the picture, including the formulas, somewhat simpler. 

4 Finally, I wish to repeat my suggestion, which I have offered 
already a number of times, to abolish the usage (introduced in 
1938 by Mr. M. Rauscher, I suppose) of calling a nonlinear spring 
“hard” or “soft,” if the slope of the force-displacement curve is 
increasing or decreasing. Instead, I wish to plead for the terms 
“hardening” or “softening,” because the terms hard and soft 
are already customarily used in referring to the relative magnitude 
of the linear parts. 

H. Norman Apramson.? Professor Pipes has presented a 
very illuminating analysis of a nonlinear vibration absorber. 
His approach to a seemingly very difficult fourth-order non- 
linear differential equation is a striking example of the use of 
Duffing’s method, and variations of it, in problems of this type. 

The writer would like to add only a few comments concerning 
the possibility of jump phenomena and the interpretation of the 
author’s Fig. 3 which provides the amplitude of relative motion. 
This writer does not agree that resonance phenomena will not be 
exhibited (a complete and detailed analysis of this very impor- 
tant question is given by Dr. K. Klotter in a separate discussion 
of the subject paper). The author is correct, however, in stating 
that jump phenomena may occur, as is easily seen from Fig. 3, 
when the solution yields three roots. A remark concerning 
stability of motion will be given in a later paragraph. 

The analysis shows clearly how one may determine the relative 
amplitude, and then the motions of the individual masses, when 
all of the constants are given. The auther mentions that for 


large values of the exciting frequency the amplitude of relative 
However, although it may be desirable 
to maintain a low relative amplitude, the essential point is that 


motion will be small. 


the amplitude of the main mass remain small. Since, by Equa- 
tion [50], the amplitude of the main mass depends on the ampli- 
tude of relative motion in large measure, this is a valuable cri- 
terion. 

Close examination of Fig. 3 of the paper shows that one may 
obtain any one of three different types of results, depending on 
the value of the exciting frequency. These are: (a) one root, 
corresponding to a motion in-phase with the exciting force; (6) 
two roots, one in-phase and one out-of-phase; (c) three roots, one 
in-phase and two out-of-phase. This strongly suggests an anal- 
ogy with the usual response diagram for an undamped single- 
degree-of-freedom nonlinear system with hardening spring. In 
this case, the out-of-phase motion having the larger amplitude 
is unstable. For proper “tuning’’ then, one should use values of 
the absorber constants which will insure that the motion always 
remains on the lower branch. In terms of Fig. 3 of the paper, 
one must choose the constants so that Y.(B) intersects Y,(B) in 
at least two points on the lower portion, for all values of the ex- 
citing frequency within the spectrum for which the absorber is to 
be tuned, Thus a second criterion is provided which will aid in 
choosing the constants. 

The tangency condition between Y.(B) and the lower portion 
of Y,(B) is the point at which a jump could occur (but only if the 
exciting frequency were being reduced). In practice, some damp- 
ing will always exist. It would seem that the effect of a small 
amount of damping would be to make the amplitude of the upper 


3 Associate Professor of Aeronautical Engineering, Agricultural 
and Mechanical College of Texas, College Station, Texas. Assoc 
Mem. ASME. 
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branch of the response curve finite, and thus provide a second 
value of exciting frequency at which a jump would occur. Be- 
cause of the presence of jump phenomena, one must be extremely 
cognizant of the range of exciting frequencies which will be en- 
countered in the particular application. 
AvuTuoR’s CLOSURE 

The author wishes to thank Professor Klotter and Professor 
Abramson for their interesting and valuable discussion of his 
paper. In his discussion Professor Klotter presents a rather 
lengthy analysis involving a limiting process and concludes that 
there is a sharp resonant peak in the relative amplitude A of the 
two masses of the system when the driving force has the angular 
frequency 


w = wo = [k/(m, + m)]'”. [7] 


Because of the importance of this point, it is well to analyze 
this question more fully by the extended Duffing’s method used in 
The analysis of the performance of the vibration ab- 
This equat ion may 


the paper. 
sorber is based on Equation [19] of the paper. 
be written in the following form 


(mym2D? + km2.D*)x + [(m, + m:)D? + kl) F(x) = 


—myw'*P, sin(wt)...... [8] 


where D is the time-derivative operator, z the relative displace- 
ment of the masses, and the function F(z) expresses the charac- 
teristics of the nonlinear spring. In the paper F(z) is taken to be 
the hyperbolic function (ko/a)sinh(ar), but as is pointed out by 
Professor Klotter, the salient features of the analysis are pre- 
served by taking a simple polynomial expression of the form 


F(z) = hee + be"... .. 2.2.05 [9] 


If the positive sign is taken in this expression, the function 
represents the characteristics of a “hardening”’ spring while if the 
negative sign is taken, Equation [9] represents the characteristics 
of a “softening” spring to use the descriptive terminology sug- 
gested by Professor Klotter. 

The extended Duffing method of analysis consists of assuming 
an approximation for the solution of Equation [8] of the following 
form 


a | Se . . [10] 


If this approximate solution is substituted into Equation [8] 
and the coefficients of sin(wi) of both members of the resulting 
equation are equated, the following relation is obtained 


(kmqw? — mymqw*)A + [(m 4- m2)w? 
— k](koA + 3/40A*) = myw*Po........ [11] 


If b is zero, the absorber spring reduces to a linear one and 
Equation [11] reduces to the following linear equation in A 


(kmgw? — mymww')A + [(m, + me)w* 
== kl] koA = mw'*P, [12] 
An examination of this equation reveals the fact that if the 
angular frequency of the driving force has the value w = wo as 
given by Equation [7], the second term of Equation [12] vanishes 
and the relative amplitude of the masses is given by the well- 
known result 


? 


‘ (m, + ma) 


km, 


This is the relative amplitude of a linear absorber when the 
frequency of the driving force is wo. Now, if a small amount of 
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nonlinearity is introduced into the system by giving the param- 
eter b a small value, it should not be expected that A suddenly 
will assume an infinite value, from physical considerations, since 
this would mean shifting the resonant peak from w = (k/m,)'/* 
to wy by the addition of an infinitesimal nonlinearity. That A 
remains finite in the nonlinear case may be seen by placing 
w = wy in Equation [11]. For this value of w the second term of 
the equation vanishes and the equation is again reduced to a 
linear equation in A whose solution is given by Equation [13] re- 
gardless of the type of nonlinearity assumed. Since Equation [11] 
reduces to a linear equation in A it possesses only one solution 
and this is given by Equation [13]. 

A convenient form of Equation [11] may be obtained by intro- 
ducing the following notation 


A(w) = [(m, + mew? _ ee [14] 


6.(w) = (kmew? — mymaaw Sars {15 
With this notation, Equation [11] may be written in the follow- 


ing form 


A? _ Po 
| (+ 3b ry + iv) 6+ a | = meow? A = (A) 


This equation may be used as a basis for the graphical deter- 
mination of the amplitude A. If the left member of Equation 
[16] is plotted against A, the resulting curve isa parabola. The 
plot of the right member is a hyperbola. The possible values of 
A are those for which the two curves intersect. If w = wo, 
6, = 0 and the parabola degenerates into a straight line parallel 
to the A-axis. The values of A obtained from the graphical 
construction must be interpreted in the light that when w = wo, 
the original Equation [11] reduces to a linear equation in A and 
has only the one solution, Equation [13]. If this fact is not 
clearly kept in mind, there is a possibility that extraneous roots 
might be introduced by allowing w to approach wo by a limiting 
process. An analogous situation would arise if one attempted to 
solve the following linear equation 


.. {16] 


br +ec=0 
by first solving the quadratic equation 
ar? + (br +c) =0.... 


whose roots are 


bh (bh? memes 4ac)' 
+ — 


2a 2a 


z:=— [19] 


by allowing a to approach zero. If one did not use considerable 
care, one might conclude that Equation [17] has two infinite 
roots. 

The author agrees with Professor Klotter’s point regarding 
harmonic terms. The amplitudes of these terms should be calcula- 
ted directly from Equation [19] of the paper and not as has been 
done in the paper. The choice of the hyperbolic form for the spring 
characteristic F(z) is irrelevant and, as Professor Klotter points 
out, the form [9] is considerably simpler and preserves all the 
salient features of the analysis. Professor Klotter’s choice of the 
terminology hardening and softening is very descriptive and 
will no doubt come into common usage to describe spring char- 
acteristics. 

Professor Abramson’s remarks concerning jump phenomena 
and his comments on criteria for tuning the absorber add much to 
the analysis. 
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In addition to the phenomena con-idered in the paper and in 
the discussion, it would seem that an analysis of the possible sub- 
harmonic oscillations of the system should be undertaken for 
completeness. The author has investigated subharmonics of 
order one third by searching for a solution of the form 


x = B sin(wt/3) Soe ee 


of Equation [8] with F(z) given by Equation [9]. The results 
indicate that for certain values of the parameters of the system, 
Equation [20] is an exact solution. The analysis of the stability 
of the solution is a difficult one because of the high order of the 
resulting variational equation and the number of parameters in- 
volved, and conclusive results have not yet been reached. 


Stress Concentration Due to Elliptical 
Holes in Orthotropic Plates’ 


E. P. Popov.? 
of stress concentration for an elliptical hole in an orthotropic 
The behavior of anisotropic materials is beginning to re- 
In prestressed reinforced-con- 


This paper discusses two interesting problems 


plate. 
ceive ever-increasing attention. 
crete design, the different amount of prestressing in two directions 
makes the slab orthotropic. In the design of some steel bridges in 
Germany spectacular economy was achieved by designing the 
steel bridge decks as orthotropic plates. From the information 
reaching us in this country it appears that this field of research 
has been highly developed in the USSR, and it seems significant 
to call attention to their work. This subject is treated in 
several Russian books. Two of them were written by S. G. 
Lekhnitskii.? Some 56 references to research literature are given 
in the first book; 80 papers are listed in the second. 

Professor Timoshenko in his book‘ in a section on two-dimen- 
sional problems in elasticity states, “‘S. Lechnitski obtained solu- 
tions of this equation (differential equation for orthotropic 
plates) for rectangular beams, circular rings, and circular and 
elliptic holes, similar to those previously mentioned for isotropic 
plates.”’ 

In Chapter 5 of Lekhnitskii’s book on ‘“‘Anisotropic Plates’’ the 
problem of stress concentration around elliptical and circular holes 
is discussed. Functions of a complex variable are used to set up a 
general problem for an elliptical hole with an arbitrary edge load- 
ing. Then several special cases are considered for an infinitely 
large plate. For an elliptical hole, these are as follows: 


1 Equal pressure acting normal to the contour of the ellipse. 

2 Shearing stress of equal intensity acting tangentially to the 
contour of the ellipse. 

3 Tension acting at an arbitrary angle with the major axis of 
the ellipse. (A special case of this problem corresponding to case b 
of the author’s paper is also discussed. ) 

4 Pure shear. 

5 Pure bending. The special case of an ellipse whose major 
axis is parallel to the edge of the plate also is treated. 


The same cases are discussed for stresses in an orthotropic plate 
with a circular hole, and in addition the following: 


1 By H. D. Conway, published in the March, 1954, issue of the 
JoURNAL oF AppLiep Mecuantcs, Trans. ASME, vol. 76, pp. 42-44. 

? Professor of Civil Engineering, University of California, Berkeley, 
Calif. 

3 The first of these books, ‘‘Anisotropic Plates’’ (‘‘Anisotropnie 
plastinki’’), was published in 1947; the second, ‘“‘Theory of Elasticity 
of an Anisotropic Body” (‘‘Teoriya uprugosti anizotropnogo tela’’), 
in 1950; reviews of the books were published in Applied Mechanics 
Reviews, vol. 5, 1952, Rev. 1014. 

‘History of Strength of Materials,’”’ by S. P. Timoshenko, Mc- 
Graw-Hill Book Company, Inc., New York, N. Y., 1953, p. 408. 
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1 Equal tensions in two mutually perpendicular directions. 

2 Compression of a plate whose transverse deformation is 
prevented. 

3 Stresses 
boundary. 

4 Stresses caused by prescribed angular rotation of the whole 
boundary in the plane of the plate. 

5 Stresses in a plate with a rigid circular core. 


caused by equal radial displacements at the 


A book by G. N. Savin’ published in 1951 touches on the same 
subject. Chapter 3 of this book is devoted to stress concentra- 
tions in an orthotropic plate near elliptic and circular openings. 
Again, the general problem using the method of a complex variable 
is discussed, and the results of investigations for several special 
A number of these treat other problems than 
Among these, the stresses 


cases are given. 
those given in Lekhnitskii’s book. 
caused by concentrated equal and opposite forces applied along 
the axis of the ellipse are given. 


AvuTHor’s CLOSURE 


The author is indebted to Professor Popov for calling attention 
to the work of Lekhnitskii and Savin in the USSR. The subject 
of orthotropic plates has also received considerable attention in 
Japan.® 

It is perhaps relevant to mention thac the two problems treated 
by the author were chosen without any great significance, the 
main aim of the paper being to show that the stresses around 
elliptical) holes can be obtained very simply from those 
around corresponding circular ones, the general solution for the 
circular hole being already well established. 


On Application of a Quasi-Static 


Variational Principle to a System 
With Damping’ 


J.P. Russe.u? This paper is another example of the author’s 
ability to extract from the mathematical and physica] aspects of a 
particular problem workable results that can be analyzed and 
used by the engineer. The author considers the problem of the 
transverse vibrations of a beam under a damping force propor- 
tional, at each point of the beam, to the velocity and, by eliminat- 
ing the time variable, develops a stationary condition for the 


§ “Stress Concentrations Near Openings,"’ (Koncentracia naprajeni 
okolo otversti), a book by G. N. Savin, published in 1951; a review 
of this book was published in Applied Mechanics Reviews, vol. 5, 1952, 
Rev. 1318. 

* See, for example: ‘‘Calculation of the Stresses of the Orthotropic 
Strip With a Hole,’ by M. Higuchi, Reports of Research Institute for 
Applied Mechanics, vol. 1, no. 1, January, 1952. 

“The Stresses in the Orthotropic Semi-infinite Plate Due to a 
Rigid Bolt Compressed Against Its Edge,’’ by M. Higuchi, Reports of 
Research Institute for Applied Mechanics, vol. 2, no. 6, June, 1953, 

“On the Stresses Due to Pressure on the Periphery of the Hole in an 
Orthotropic Plate,’’ by M. Higuchi, Reports of Research Institute for 
Applied Mechanics, vol. 2, no. 6, June, 1953. 

“Orthotropic Semi-infinite Plate With a Hole,” by M. Higuchi, 
Report of Research Institute for Applied Mechanics, vol. 2, no. 7, 
September, 1953. 

“A Note on the Two-Dimensional Stresses of Orthogonally Aelo- 
tropic Plates,’’ by K. Washizu, Trans., Japan Society of Mechanical 
Engineers, vol. 18, no. 68, 1952. 

“On the Bending of Orthogonally Aelotropic Plates,”” by K. 
Washizu, Proceedings of First Japan National Congress for Applied 
Mechanics, 1951. 

1 By Morris Morduchow, published in the March, 1954, issue of the 
JoURNAL oF AppLiepD Mecuanics, Trans. ASME, vol. 76, pp. 8-10. 

2 Polytechnic Institute of Brooklyn, Brooklyn, N. Y. 
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formulated nonconservative variational problem. It is in the ex- 
tension of variational methods to this type of eigenvalue problem 
and the approximate formulas so developed that this paper makes 
its important contribution. ’ 

In assuming that an exponential time function will reduce 
Equation [1] to an ordinary differential equation of type [3] in 
the paper, it is well to note that the mathematical conditions must 
insure that the original partial differential equation be linear, 
homogeneous, with coefficients functions only of x. If these 
necessary restrictions are met, then the method employed is ap- 
plicable. 

The reduced ordinary differential equation, with its boundary 
conditions, is then transformed in standard manner into its cor- 
responding variational form, and by apparently reasonable 
physical considerations, the author is led to assume that the 
deflection.shape in any principal mode will be affected negligibly 
by the damping term. The formulas are developed in a con- 
venient, useful, and familiar form; however, their accuracy de- 
pends, of course, on the foregoing assumption. It seems reasonable, 
however, that the error in the frequencies computed from Equa- 
tions [6a] and [6] will be less than the error introduced by assum- 
ing the shapes the same for the damped and undamped cases. 
Moreover, let us consider the differential equation for damped 


and undamped cases, viz. 


[ET yo"]” + m(zx)po?yo = 0... [10] 


for the undamped case and 


‘Ely")" P | f(z) 
[ETy"}" + m(x)p 

m(xr) 
for the damped case. 

Comparing Equations {10} and [11], we see that if the co- 
efficients of yo and y are the same in the two equations, then simi- 
lar boundary conditions and the uniqueness property of the solu- 
tion lead us to conclude that the solutions of the two equations 
must be the same, and the deflection shapes are unaffected by the 
damping term as long as 


f(z) 
Po* = p ee 
mr) 


{_) See [12] 


mix) 


Since the left-hand side of Equation [12] is constant, the right- 
hand side also must be constant, say, & Furthermore, if the 
right-hand side is constant, and similar boundary conditions pre- 
vail, then if the p’s are computed using Equation [12], with py and k 
known, then the solution for this physically possible [f(z) = km(x)} 
damped situation is exactly the same as for the undamped case. 
The author shows this in the Appendix in a slightly different 
manner, and it is clearly one of the grounds which supports the 
assumption that the shapes for the damped and undamped cases 
will be similar for arbitrary f(z). If f(z) is small, then it may be 
expected that the damping will have a negligible effect on the 
mode shapes regardless of the function [f(x)/m(z)}. 

The question of developing a quantitative measure of the 
error involved by introducing this assumption is fraught with dif- 
ficulties. However, an investigation may be attempted by con- 
sidering special cases of f(z) and m(x) which give rise to known 
functions as solutions of the fourth-order linear Equation [10] 
of this discussion. Comparing these with the results obtained 
using the, formulas derived in the paper for the eigenvalues, 
Equations [6a] and [6b], we will have some measure of the error. 
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This procedure probably would contain mathematical difficulties 
not unlike the original problem itself. 


D. E. Wurrrorp.* For thg particular system considered, the 
success of the method used depends upon the elimination of 
the time. This is equivalent to the usual process of separating the 
variables, except that in this case a single ordinary differential 
equation results. If f(x)/m(r) # const, then it would be found 
that the variables cannot readily be separated by this usual pro- 
cedure; but the immediate use of the factor e?* accomplishes this 
quite easily. 

The variational procedure leads directly to Equation [4] of the 
paper, which exists under the general boundary conditions stated. 
The principle of virtual work was applied to obtain the left-hand 
member of Equation [4] which represents the first variation. 
Since this variation vanishes, by Equation [4], the integral must 
be stationary. 

By using the Relation [5], the work integral becomes a function 
of the single variable a,, and the method of Rayleigh then gives 
the eigenvalues for p corresponding to the nth mode of deflection 
shape y,(z). Owing to the fact that Equation [5] contains only 
the one parameter a,, the solutions are only approximate. 

The method used by the author is elegant, in that the results 
are obtained in a straightforward manner, and are expressed by 
formulas that are easy to work with in practice, and have a simple 
physical interpretation. These Formulas [6a] and [6)] also possess 
the added virtue of showing the analogy between the approximate 
solution for small damping effect and that for constant damping. 
So far as the literature shows, the variational method has not 
been expounded previously for the quasi-static case. 


AvuTHuor’s CLOSURE 


The author would like to thank Professor Russel! and Professor 
Whitford for their interesting comments. 

It may be worth while, from a practical as well as logical stand- 
point, to note again that the only approximating assumption made 
in the analysis is that the damping negligibly affects the mode 
shapes. No assumption, for example, that the damping has a 
negligible effect on the natural frequencies has been, or need be, 
made. In this connection it may be observed, as has Professor 
Russell, that the error made in the natural frequency obtained by 
Rayleigh’s method is usually less than that made in the assumed 
deflected shape, and that this is one of the important advantages 
of Rayleigh’s method here. [For the case of undamped vibra- 
tions of a beam, for example, it can be readily seen that if a first- 
order-small error is made in the assumed deflected shape, then the 
error in the natural frequency obtained by Rayleigh’s method will 
tend to be second-order-small. This follows essentially from the 
fact that, as described in, e.g., Reference (7) of the original paper, 
the natural frequency must have a stationary value with respect 
to variations in the deflected shape.] As indicated in the original 
paper, the fact that the mode shapes will be exactly unaffected by 
the damping when f(z)/m(z) = constant shows, among other 
things, that the results obtained here can be approximately valid, 
under certain conditions, even when the damping is large. 

It is, finally, of mathematical interest to add that in the analy- 
sis presented in the original paper, it is not necessary and would 
actually be disadvantageous to first eliminate the Y (damping) 
term from the partial differential Equation [1]. Indeed, the stand- 
ard type of substitution for this purpose would in this case be 


¥(zx, t) = v(z, t) exp. { [f(z)/2m(z)]t} 


* Associate Professor of Mathematics, Polytechnic Institute of 
Brooklyn, Brooklyn, N. Y. 
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Such a substitution, however, despite the elimination of a first- 
time-derivative term, would result in this case in a much more 
complicated partial differential equation for v(z, t) when f(z) is not 
exactly proportional to m(z). 


Note on Thermal Stresses’ 


Yi-Yuan Yu.? The utility of the complex variable method in 
solving two-dimensional thermal-stress problems had been well 
established by previous authors. Although the presentation is 
different, the content of the note may be seen to have been covered 
in a paper by H. Poritsky* on steady-state thermal stresses; the 
example given in the note is the same as one of the three cases 
solved in the latter paper. These cases are well known to be the 
only ones which give rise to nonvanishing thermal stresses in the 
plane of the cross section of hollow circular cylinders. 

The author’s statement, “The derivation . . . can be modified 
also to yield analog equations when ¥?7' # 0” is also misleading. 
The application of the complex variable method to unsteady-state 
thermal-stress problems had been discussed by N. Lebedew‘ and 
B. E. Gatewoo1.5 These authors as well as N. I. Muschelisvili® 
also considered the steady-state problem of the hollow circular 
cylinder. 

The writer also would like to take the liberty to report that a 
research project has been proposed in which the problem of ther- 
mal stresses in an eccentric hollow circular cylinder will be solved 
by the complex variable method. This problem does not seem to 
have been solved before, although the case of a composite body 
with the cross section as two eccentric circles and subjected to 
constant temperature has been discussed by Gatewood. 


AvuTuHor’s CLOSURE 


The author wishes to thank Professor Yi-Yuan-Yu for his 
comments. 

With regard to the utility of complex potentials in the solution 
of two-dimensional thermal-stress problems, the author isin agree- 
ment with Professor Yu. However, the stated purpose of the 
Note (See paragraph 1, sentence 1) was simply to emphasize the 
utility of the method. (See, for example, pp. 427-433 of the first 
reference). 

The simple forms of Equations [4c] and [4d] are of some inter- 
est as they reveal the analogy between thermal loading and dis- 
locations of the type described by Mann,’ and Bogdanoff.* It 
was not claimed in the Note, however, that either the presen- 
tation or the problem solved was original. 

Due to a misprint, the word “analog” appeared in place of 
analogous. 


1 By J. L. Bogdanoff, published in the March, 1954, issue of the 
JourNat or Apptiep Mecuantcs, Trans. ASME, vol. 76, p. 88. 

2 Assistant Professor, Department of Mechanical Engineering, 
Syracuse University, Syracuse, N. Y. Assoc. Mem. ASME. ; 

3**Thermal Stresses in Cylindrical Pipes,’’ by H. Poritsky, Philo- 
sophical Magazine, vol. 24, 1937, pp. 209-223. 

‘“Uber die Warmespannungen in Elastizitatstheorie,"’ by N. 
Lebedew, Journal of Applied Mathematics and Mechanics, vol. 2, 
1934, pp. 52-60 (in Russian with German summary). 

“Thermal Stresses in Circular Ring,”” by N. Lebedew, ibid., vol. 3, 
1936, pp. 76-84 (in Russian). 

‘Thermal Stresses in Long Cylindrical Bodies,’’ by B. E. Gate- 
wood, Philosophical Magazine, vol. 32, 1941, pp. 282-301. 

* “Some Basic Problems of the Mathematical Theory of Elasticity,”’ 
by N. I. Muschelisvili, translated by J. R. M. Radok, P. Noordhoff 
Ltd., Groningen, Holland, 1953, pp. 233-236. 

7 “An Elastic Theory of Dislocations,” by E. Mann, Proceedings 
of the Royal Society of London, England, series A, vol. 199, no. 1058, 
1949, p. 376. 

8’ “On the Theory of Dislocations,” by J. L. Bogdanoff, Journal 
of Applied Physics, vol. 21, no. 12, 1950, p. 1258. 














Fluid Dynamics 


Mopern DEVELOPMENTS IN FLuUrp Dynamics—H1cH Speep Fiow. 
Composed under the aegis of the Fluid Motion Subcommittee of 
the Aeronautical Research Council and edited by L. Howarth with 
the assistance of H. B. Squire and the late C. N. H. Lock. Oxford 
Engineering Science Series, Oxford University Press, New York, 
N. Y. 1953. Cloth, 6 X 9 in. Vol. 1, xvi and 475 pp.; Vol. 
2, viii and pp. 477 to 875, illus.; 2 volumes, $17. 


REVIEWED BY AscHeER H. SHaprro! 


LTHOUGH its title and sponsorship are similar, the present 

two-volume work covers subject matter completely different 
from that in the 1938 two-volume work on “Modern Develop- 
ments in Fluid Dynamics,” edited by S. Goldstein. The Gold- 
stein volumes gave an extended account of theory and experiment 
relating to boundary layers, turbulent motion, and wakes, which 
topics by the late 1930's had acquired some maturity. Since 1938 
the great new developments have been in the realm of compres- 
sible fluid motions. The Howarth volumes are intended to give 
a comprehensive account of the present status of high-speed 
flows at a time when this subject has also acquired some maturity. 
In several respects the Goldstein and Howarth works are alike: 
The same guiding spirits lay behind their designs, they are much 
alike in style, and the newer volumes seem also destined to be- 
come a classic reference source. 

In all, 15 authors contributed to the two volumes. The first 
volume is given almost exclusively to the mathematical theory 
of compressible flows. The second is devoted mainly to experi- 
mental methods and results, except for the final section on heat 
transfer. One of the unfortunate consequences of assigning in- 
dividual chapters to different authors is that there is little co- 
herence between the theoretical treatments in the first volume 
and the experimental presentations in the second, a consequence 
which causes both the theoretical and experimental accounts to 
suffer. 

The range of subject matter is indicated by the following chap- 
ter outlines. After the chapter title is indicated the author of the 
chapter and, in parentheses, the number of pages. 


Vo.LuME 1 


1. Introduction, by L. Howarth (33). An outline of fundamental 
notions in compressible flow, and a preview of the various phenomena 
treated in detail in the remainder of the work. 

2. The Equations of Flow in Gases, by L. Howarth (37). A search- 
ing formulation of the governing equations of compressible, viscous 
flows. 

8. The Method of Characteristics, by R. E. Meyer (36). General 
presentation of the theory of characteristic curves with two independ- 
ent variables, and application to plane steady flows, axisymmetric 
steady flows, and unsteady flows. 

4. Section 1. Shock Waves, by C. R. Illingsworth (42). 
for oblique and normal shock waves and their interactions. 
4. Section 2. Blast Waves, by G. J. Kynch (21). 

spherically-spreading wave systems. 

5. Some Exact Solutions of the Equations of Steady Homentropic 
Flow of an Inviscid Gas, by W. G. Bickley (33). Miscellaneous 
collection of exact solutions, mostly supersonic: vortex; source 
flow; spiral flow; Prandtl-Meyer flow; supersonic nozzle design; 
supersonic flow past wedge, past flat-plate airfoil, and past double- 
wedge airfoil; supersonic flow past cone. 

6. One-Dimensional Flow, by O. A. Saunders (37). 


Relations 


Analysis of 


Theory of one- 


1 Professor of Mechanical Engineering, Massachusetts Institute 
of Technology, Cambridge, Mass. Mem. ASME, 


dimensional steady flow, showing effects of area change, friction, and 
heat transfer. 

7. The Hodograph Transformation, by M. J. Lighthill (56). Deter- 
mination of physical flows from mathematical solutions in hodograph 
co-ordinates. 

8. Apprexrimate Methods, by G. N. Ward (59). Miscellaneous 
collection of approximate methods: linear and second-order theories 
of subsonic and supersonic flows; electrical analogy; conical flows; 
transonic similarity law. 

9. Unsteady Motion, by G. Temple (53). Unsteady flow past 
wings and bodies of revolution at subsonic and supersonic speeds. 
10. Boundary Layers, by A. D. Young (105). Theory of 

pressible boundary layers in laminar and turbulent flow. 


come- 


VoLuME 2 


11. Experimental Methods, by D. W. Holder, D. C. McPhail, and 
J. S. Thompson (135). Wind-tunnel design and operation; un- 
certainties and corrections in wind-tunnel tests; measurements: 
visualization of fluid motion. 

12. Flow Past Aerofoils and Cylinders, by W. A. Mair and J, A. 
Beavan (80), Extensive collection of experimental results 
13. Flow Past Bodies of Revolution, by W. F. Cope (69). 

collection of experimental results. 

14. Heat Transfer, by H. B. Squire (127). A revision of the two 
chapters on heat transfer originally appearing in the Goldstein work, 
with additional application to high-speed flows. 


Extensive 


The index, which is of great importance for a book like this, is 
of generous size and has numerous cross references. 

A tremendous amount of subject matter is encompassed in vol- 
ume one, necessarily in condensed style. The treatment is highly 
mathematical, so much so as to restrict considerably the usage 
of the volume. Indeed, the reviewer feels that an overattentive- 
ness to mathematical questions and generality of treatment has 
tended to obscurity and to a camouflage of the really significant 
methods and results. The subject matter of vol. 1 would have 
been enlivened, and that of vol. 2 been given greater significance, 
it is believed, had they been more thoroughly mixed. 

Notwithstanding these comments, the reviewer believes this 
work to be a landmark and unhesitatingly recommends it to all 
who have passed the neophyte stage in gas dynamics. 


Aeronautical Dynamics 


By Manfred Raus- 


INTRODUCTION TO AERONAUTICAL DyNamics, 
Cloth 


cher. John Wiley & Sons, Inc., New York, N. Y., 1953. 
6'/2 X 9'/;, in., xv and 644 pp., 479 figs., $12. 


REVIEWED BY Martin Bioom?® 


HIS work is an excellent contribution to the literature availa- 

ble to those concerned with teaching or learning the funda- 
mentals of solid and fluid dynamics on the upper-undergraduate or 
even the lower-graduate levels. Distinctive for its clarity and 
unique point of view, it is a product of the author’s more than 20 
years of careful preparatory writing and of teaching these sub- 
jects according to the plan utilized at the Massachusetts Institute 
of Technology. Covering the difficult plane that lies just above 
the barely elementary (beginning at the Junior year), the book 
seeks to prepare students for subsequent detailed studies of the 
dynamic stability of aircraft. This accounts for the co-presenta- 
tion of solid and fluid dynamics. Although the subject matter is 
so organized that these topics can readily be separated for use in 


? Assistant Professor of Aeronautical Engineering, Polytechnic 
Institute of Brooklyn, Brooklyn, N. Y. 
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separate courses in either solid dynamics or fluid dynamics, the 
interrelation of the topics is stressed in a useful and interesting 
fashion. Many illustrative examples and chapter-concluding 
problems emphasize practical aeronautical applications; and 
quite a number of the explanations and applications are unique 
and will not be found readily elsewhere. Typical of these is the 
discussion of a spinning cylinder in a viscous fluid. However, 
according to the author, the present volume is meant to be sup- 
plemented particularly by other literature and courses in applied 
aerodynamics. 

While the basic treatment of the various topics is mainly in a 
classical vein, the methods of formal vector analysis are purposely 
avoided. Moreover, the use of concrete, practical tie-up dis- 
cussions is always emphasized for purposes of information and 
motivation. For example, in the chapter entitled ‘‘Dynamics of 
a Particle,” sections are included on the following topics: Soar- 
ing in wind with a vertical velocity gradient, rocket propulsion, 
air-fed rockets, and rocket flight to great altitudes. 

The chapter headings are given as follows: Preliminary— 
Newton’s law and the conservation of matter; 1 kinematics of a 
point; 2 dynamics of a particle; 3 dynamics of groups of parti- 
cles; 4 fundamental equations of fluid motion; 5 stream function 
and velocity potential; 6 fluid motion about simple bodies; 7 
transformations; 8 airfoils; 9 airfoils in three dimensions; 10 
viscosity; 11 kinematics of rigid bodies; 12 dynamics of rigid 
bodies; 13 oscillations of systems with one degree of freedom; 
14 oscillations of systems with more than one degree of freedom. 

The clarity and excellence of the figures warrant special 
mention. 

Some of the topics not discussed are pointed out in Professor 
Rauscher’s own words “. . .I am aware that in some respects the 
book is not as complete as it might be. Particularly noticeable 
is the absence of discussions of compressible flows in more than 
one dimension, of thin airfoils as surfaces of discontinuity, under 
unsteady as well as under steady conditions, of three-dimensional 
flow problems, and of servomechanisms. My failure to include 
these topics is due to lack of time so far to write them up.” The 
reason for these omissions really serves to point up the careful 
thought with which the large amount of material covered in the 
book has been presented. 


Instruments Engineering 


INSTRUMENT ENGINEERING. Vol. 2. Methods for Associating Mathe- 
matical Solutions With Common Forms. By C. 8. Draper, W. 
McKay, and 8S. Lees. McGraw-Hill Publications in Aeronautical 
Science, McGraw-Hill Book Company, Inc., New York, N. Y., 
1953, Cloth, 81/2 X 11 in., xxviii and 827 pp., illus., $15. 


REVIEWED BY ENRICO VOLTERRA? 


FEW months ago, in a review of the first volume of Jnstru- 
ment Engineering for the JouRNAL OF APPLIED MECHANICS, 
the chief features and objectives of this work were described.‘ It 
is with great pleasure that one now sees published the second 
volume of this excellent work which will be useful to anyone in- 
terested in the field of measurement and control in instrument en- 
gineering. Whereas the first volume dealt with the description of 
physical devices and variations in physical quantities by graphical 
and analytical methods, the second volume gives the theoretical 
background for associating solutions with these forms. 
This second volume consists of fourteen chapters. The first 
chapter of the second volume (which is the fourteenth chapter of 


? Professor of Mechanics, Rensselaer Polytechnic Institute, Troy, 
New York. Mem. ASME. 

* JouRNAL oF AppLiep Mecuantcs, Trans. ASME, vol. 76, 1953, p. 
155. 
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the total group of three volumes) deals with nondimensionaliza- 
tion of linear integrodifferential equations, the second with the 
classical method of solving linear integrodifferential equations, 
the third with operational methods of solving linear integrodif- 
ferential equations with constant coefficients. The successive 
and second-order differential 
equations, transient stability of mathematical solutions, and 
methods of solving third and fourth-order characteristic equa- 
tions. Graphical methods of determining transient stability are 
given. The last two chapters deal with representation of solu- 
tions for differential equations with nonlinear terms of the rate- 
determined step type, and numerical analysis by the number- 
series transformation method. 

The third volume is to consist of examples in which the theory 
and techniques, described in the first two volumes, are applied to 


chapters discuss solutions of first 


typical cases. 

There is no doubt that for many years to come this work, which 
presents in an orderly and clear way materials which until now 
have been scattered through the literature, will constitute the 
chief reference in the field of instrument engineering. The 
authors, all three authorities in the field, should be congratulated 
on their achievement. 


Complex Variable and Transform 
Calculus 


CompLex VARIABLE THEORY AND TRANSFORM CaLcuLus WITH 
Tecunicat Appiications. By N. M. McLachlan. Second edi- 
tion. Cambridge University Press, New York, N. Y., 1953 
Cloth, 5'/: X 8'/2in., xi and 388 pp., illus., $10. 


RevIewep By A. ALI KHerRALLA® 


"THE book is divided into four parts of which the last is simply 

a set of appendixes. The first section constitutes an engineer- 
ing introduction to those portions of the theory of functions of a 
complex variable which are most commonly applied to the opera- 
tional solution of differential equations. Although the later ap- 
plications of this part of the text are almost exclusively limited 
to contour integration, various other topics of general background 
value are discussed. Analytic functions and their singularities 
are presented. The theorems of Cauchy, Taylor, Laurent, and 
Morera are considered and the Gamma, error, and Bessel func- 
tions introduced. A considerable proportion of the first section 
is devoted to the evaluation of contour integrals by means of the 
theorem of residues. This is, of course, directed toward establish- 
ing a facility in the inversion of the Laplace transform, the ap- 
plication of which is the main objective of the succeeding parts 
two and three. Special attention is given to a discussion of 
branch points and their influence on choice of contour is il- 
lustrated by numerous examples. 

Part two presents the Laplace integral, formal solution of 
ordinary differential equations by transform technique, and 
frequency spectra associated with impulses. The various formal 
properties (translation, differentiation, integration) of the trans- 
formation as well as the inversion formula are exaibited. The 
Laplace transform of periodic functions is introduced. A short 
section on ordinary differential equations (with constant coef- 
ficients) follows. The last section of part two is a concise ex- 
position of the intuitive connection between impulses and their 
frequency spectra. Avoiding the mathematical delicacies of 
Fourier analysis, the author presents simply and forcefully the 
No attempt is made to state or 

This is, however, strictly con- 


fundamental formal technique. 
prove theorems in full generality. 
sistent with the author’s purpose to equip the reader with 


5 Lessells and Associates, Inc., Boston, Mass. 
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formal problem-solving methods and refer him to more extensive 
mathematical treatises for refinements, exceptions, and a rigor- 
ous development. 

Part three consists of five chapters of which the first handles 
simple electric circuits, torsional oscillations, gun recoil effect on 
The next 
chapter treats applications to radio and television-receiver cir- 
In chapter 13 the topics are partial differential equations, 
Sub- 
The 


next chapter treats the metal core solenoid, the condenser micro- 


aeroplane, beam deflection, and coupled systems. 


cuits. 
electrical transmission lines, and electrical wave filters. 
marine cables and high and low-pass filters are covered. 
phone, and the loudspeaker horn. The final chapter discusses 
the solution of the diffusion equation. Heating of automobile 
brakes, a refrigerator problem, annealing of a steel rod, and ab- 
sorption of moisture by a slab are presented. 

A collection of 102 problems follows chapter 15. 
dixes contain selected lemmas, theorems, and applications. 
Included are a couple of examples of Watson’s theorem on the 
asymptotic expansion of Laplace transforms, a more extended 


The appen- 


discussion of the inversion formula and the convolution theorem 
on products of transforms. 

The text is profusely illustrated with graphical representations 
of functions and contours. Although the author has elected to 
use “p—miultiplied’” Laplace transform in conformity with the 
operational notation of Heaviside, this introduces at most a minor 
inconvenience : 

In general, the book should help to fill the gap between the more 
rigorous treatises of Doetsch and Widder and the handbook-type 
compilations of formal rules of operational calculus. Especially 
worthy of note is the fact that the complex variable material, so 
essential to an understanding of the Laplace transform theory, 
is used as an introduction to the subject and not relegated to the 
status of a neglected side issue as is so often the case in books on 
manipulative technique. 


Elasticity 
Book 


ix and 


Wang. McGraw-Hill 
1953. Cloth, 6 * 9 in., 


Apputiep Exasticitry. By Chi-Teh 
Company, Inc., New York, N. Y., 
355 pp., illus., $8. 


{EVIEWED BY P. S. Symonps® 


"THIS book provides an introduction to the theory of elasticity 

and to the approximation techniques and numerical methods 
which are often required to obtain useful results for engineering 
purposes. A book having this size and level can take up only 
the fundamentals of a restricted list of topics, but the book 
under review supplies references to many of the important sources 
in the recent literature. This reviewer feels that the well-bal- 
anced choice of topics and the accurate and lucid exposition make 
this book a distinctive contribution. 

The first three chapters deal with the fundamentals of stress 
and strain and the general equations of elasticity, the next two 
chapters taking up problems of plane stress and strain and of 
torsion, respectively. This leads naturally to the presentation 
in chapter six of a concise but readable introduction to numerical 
analysis by finite-difference approximations and by relaxation 
techniques, both exemplified by treating the problem of torsion 
of a square bar. 

Chapter seven contains an authoritative and clear introduc- 
tion to the variational principles of complementary energy and 
potential energy, basing the development on the principle of 
virtual work. Illustrations are given of the use of the Rayleigh- 
Ritz method with both variational principles, and the author 
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also briefly outlines Galerkin’s method and that of Biezeno and 
Koch. Chapter eight to complex 
variable methods for treating problems of torsion and plane 


provides an introduction 
strain. 

Chapter nine discusses the stability of beams under axial 
thrust while the following chapter takes up numerical techniques 
for handling buckling problems: finite difference and relaxation 
schemes of computation and the use of Rayleigh’s principle, with 
a brief treatment of devices for finding lower bounds. Bending 
and buckling of thin plates are discussed in chapter eleven, while 
the closing chapter twelve introduces the theory of thin shells, 
starting with vector geometry of surfaces and ending with the 
classical theory of buckling of a circular cylindrical shell under 
uniform axial compression (the author points out the deficiencies 
of this treatment and gives references to recent improvements). 

The lor eX- 


ample, Fig. 11.4 is so crowded as to be hardly intelligible 


book has some defects inevitable in a new book; 
Some 
omissions seem unfortunate, such as the absence of reference to 
the upper and lower-bound theorems due to Prager and Synge, 
and the lack of mention of nonuniform torsion or of torsional 
buckling. The addition of further references, with brief annota- 
tion, would make an already excellent book still more valuable. 


Stress and Strain 


ForRMULAS FOR Stress AND Strain. By Raymond J. Roark 
McGraw-Hill Book Company, Inc., New York, N. Y., third edition, 
1954. Cloth, 6 X 9 in., xiii and 381 pp., 45 figs., 19 tables, $7.50 


REVIEWED By JOSEPH MARIN’ 


‘THE publication of a third edition of this book indicates that it 
has been used by many engineers. This is no doubt because 
many useful results in stress analysis have been summarized in a 
compact and useful form readily usable by the design engineer. 
In this new edition the author has brought the contents up to 
date in several ways. Throughout the book additional references 
have been added so that the reader can become acquainted with 
Test 
data and empirical formulas reported in the second edition have 
been revised so that they are in keeping with the latest available 
information. New material has been added throughout this third 
edition which includes recent information on shear lag, stress 
and deflection of circular arches, flat plates with large deflection, 
Material 
has also been added to various tables for flat plates, used to 
determine stress, deflection, and edge-slope in plates. This book 
should continue to be a valuable addition to the machine and 


the most recent developments in each particular subject. 


pressure vessels and shells, and stress concentration. 


structural designer’s library. 


Discontinuous Automatic Control 


Discontinvovus Automatic Controt. By Irmgard Fligge-Lotz. 
Princeton University Press, Princeton, N. J., 1953. Cloth, 6 x 
9'/,in., viii and 168 pp., 102 figs., tables, appendixes, index, $5. 

REVIEWED BY JOHN A. HroneEs® 
HE book deals with the control of systems describable with a 


second-order linear differential equation 


a*d + 2b*d + c*d = M*.. (1) 


¢ is the difference between the actual value and the desired value 
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of the quantity to be controlled and M* is the manipulated 


quantity. (See Fig. 1.) 
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The controllers considered are discontinuous in operation. One 
class of such controllers referred to as “position controllers’’ is 
defined by the following relationships 


= +) sgn pi(d + pd)............ 


= +1 whenz>0O 
(1) 


sgnz = —l when z < 0 


Two general systems of control are discussed. In system A the 
negative sign of Equation [4] is used. In system B the positive 
sign of Equation [4] is used. If the function (¢ + pd) = F is as 
shown in Fig. 2, the manipulated quantity M * will be as indicated 
for systems A and B. 

A second category of regulation discussed as ‘‘velocity control” 
has regulator transfer characteristics as defined below 


M* = N*8..... : [5] 
where 


B = +7 sgn (pid + pod) -. {6} 


JOURNAL OF APPLIED MECHANICS 


SEPTEMBER, 1954 


Again, two cases are discussed, one case involving the negative 
sign of Equation [6] and the other employing the positive sign 
of Equation [6], see Fig. 3. 

In addition, control functions of the following form are also 
Such a function is obtained by feedback around the 
(See Fig. 4.) 


F = pd + poh + mB.................[7] 


Certain imperfections of control elements are discussed. They 
include the existence of a dead zone and the existence of a con- 
stant time delay. 


discussed. 
controller. 
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Fic.4 ContTROLLER 


Phase plane representation (¢ plotted against @) is used 
throughout in the analysis. Simple approximate construction 
meth ds are presented. A number of cases are discussed, all 
briefly. The final chapter is devoted to a consideration of the 
control of the longitudinal motion of a missile. 

The book has only 159 pages and the reader has the distinct 
impression that the author has not exploited the material as fully 
as desirable. It is a welcome addition to the limited literature 
covering systems controlled by discontinuous-type regulations. 
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GENERAL DISCUSSION ON 
HEAT TRANSFER 
‘This ls the complete record of the 1951 Conference sponsored by the 
UAE-ASME, the purpose of which was fo review a decade's development in 
heat trunsfer and in the design of epparatys relating thereto. in ninety- 


| free paper, this reference provides first-hand occounts of experimental 
and onatytical investigations, descriptions of various methods and apparo- 


tus weed, information on actual performance of fundamental data, essentia! 
conclusions from researches, technical and laboratory date needed for 
more eccurate contro! of design, o considerable amouat of bibliographical 
material, and a complete report of the discussions. 

‘The contents ls grouped ender five sections: heat transfer with change 
of state; heot tronsfer between fivids and surfaces; conduction in solids 


i “alqeas; end spedal problems with the entire subject covered in a way 


that will enable one to accurately appraise fundamental discoveries of the 


GLOSSARY OF TERMS 
IN NUCLEAR SCIENCE 
AND TECHNOLOGY 


Now, under one cover, precise definitions for about 
2000 terms used in the flelds of reactor theory, reactor 
engineering, chemistry, chemical engineering, biophysics 
and radiobiology, instrumestation, isotopes separation, 
metallurgy, and physics. The Glossary is divided into nine 
sections to enable the user to readily locate the terms pe- 
culiar to each of the afore-mentioned fields. An ciphe- 
beticai arrangement of the terms has also been included 
to indicate the section or sections in which the defisiiions 
and the terms will be found. 

Seventeen scientific and technical societies, ten govern- 
mental agencies, and four divisions of the National Re- 
search Council have co-operated in the preparation of 
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field and to take advantage of new practical applications of inown prin- z this Gi : 
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AND COMPUTING METHODS 
This book summarizes the present state of high speed 
comipetation in the field of applied mechanics. ft 
plication to aircraft design problems and to mechani- 
cal problems. it also shows how digital analog com- 
puters are being used fo solve linear algebraic eque- 
‘fleas and te find eigenvalves and eigenvectors. 


1953 $3.00 


ASME BANDBOOK 
METALS PROPERTIES 


$7.20 


$10.00 


DESIGN DATA AND METHODS 
APPLIED MECHANICS 


This collection of papers covers new design methods and procedures in 
the fleld of strength of materials, fivid mechanies, vibraton and balancing, 
and lubrication. Each paper is an original and practical contribution to 
the field. Tho section on Strength of Materials contains stress and deflec- 
tion methods applied to circular and rectanguler plates, analysis of cirevier 
beams, hydrostatic loading problems, piping, stress concentrations, torsion, 
helical compression and tension springs, thermal siresses, stresses in pres- 
gure vewel:, shrink-fitted assemblies, and thidewalled cylinders. The 
Fluid Mechanics section includes two-dimensional supersonic flow, gav-flow 
problems, end shock waves in water. Articles on iubrication discus 
method of applying bearing theory to the anolysis and design of jeurnal 
bearings. ia the Vibration and Balancing section, variuus types of vibra- 
ton problems are dealt with, also balancing with rotating apperates, tor- 
sional vibration modes of tapered bars, engine torque curves, and fre- 
quency vibration of rectangular plates. 


1953 $4.09 
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